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1. Introduction and motivation

In this note we introduce a particular type of fatgraph which, together with
extra data, is called a string diagram. Here, we study the space of string diagrams.
We show that the space of string diagrams is a cell complex and, in fact, is a
pseudomanifold with boundary.

In this section we describe our reasons for studying the space of string diagrams,
which are twofold.

1.1. String topology. First, we are interested in a particular construction of string
topology operations at the chain level These are operations of the form

C∗(LM)⊗k → C∗(LM)⊗`

where M is a closed, compact, oriented Riemannian manifold, LM is the space of
continuous maps from the circle into M–the free loop space of M–and C∗(LM) is
the complex of singular chains on LM .

Inspired by an idea in [6], chain-level string topology operations were constructed
in [5] using a subspace of our space of string diagrams. This subspace

• has a different homotopy type from the space of string diagrams, and
• does not reveal all the relations among the operations it gives rise to.

In particular, the subspace does not give rise to compositions of string topology
operations.

Our current work is focused on proving the following result.

Theorem. The cellular chains of the space of string diagrams act on the singular
chains of the free loop space of a manifold.

The action is as a PROP or properad.
Our definition of string diagram may be compared to that of Sullivan chord

diagram in [2] and to that of admissible fatgraph in [3]. In each of these cases,
spaces of fatgraphs give rise to homology-level string topology operations

H∗(LM)⊗k → H∗(LM)⊗`.

One notable difference which is relevant for string topology is that, for a fixed
topological type, the space of Sullivan chord diagrams and the space of admissible
fatgraphs are non-compact, where our space of string diagrams is compact.

In subsequent work, we will define a construction producing chain-level string
topology operations from string diagrams. Compactness is key for the definition
of the construction, which generalizes the one for the subspace of [5], and reveals
relations among the operations not evident there.
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1.2. Moduli space. Our second reason for studying the space of string diagrams
is its relation to moduli space. In particular, if M is the moduli space of Riemann
surfaces with marked points where each marked point is decorated by a tangent
direction and a nontrivial subset of marked points are also decorated by weights
summing to 1, then we have the following conjecture.

Conjecture. The space of string diagrams is homotopy equivalent to M.

Since the space of string diagrams is a cell complex (which is finite when the
topological type is fixed) this provides a method for computing homology groups
of M.

In fact, we expect a stronger result to hold. For this moduli space, where surface
marked points are decorated, there is still a notion of its Deligne-Mumford com-
pactificationM, and a notion of its real blow-up along the Deligne-Mumford strata

M◦. An intuitive definition ofM◦ involves removing a small neighborhood of each
Deligne-Mumford stratum. This yields a compact manifold with corners which has
the same dimension as and is homotopy equivalent to open moduli space.

Conjecture. The space of string diagrams is homeomorphic to M◦.

The conjectures are motivated by an interpretation of Bödigheimer’s harmonic
compactification of moduli space [1] Mh appearing in [4].

In fact, we do expect a version of the above theorem where the space of string
diagrams is replaced by Mh.

2. Conventions

A graph is a finite 1-dimensional CW complex. A 0-cell is called a vertex. A
1-cell is called an edge. A tree is a simply connected graph with at least one edge.
A segment is a tree with one edge. A loop is a graph with one edge and one vertex.

A half-edge (or oriented edge) is an edge (its underlying edge) together with a
choice of one of its two endpoints (its target). The identification of the target of an
edge takes place before the attaching map sends the two endpoints the edge into
the graph. This means that even a loop has two half-edges. There is an evident
involution ι on the set of half-edges of a graph.

The half-edge set of a vertex v is the set of half-edges with target v. The valence
of a vertex is the cardinality of its half-edge set. A leaf is a univalent vertex. An
internal vertex is a vertex which is not a leaf. An internal half-edge is one whose
target is an internal vertex.

A cyclic order on a finite set is a permutation of that set which is a single cycle.
We shall call a set equipped with a cyclic order a cycle. A fatgraph Γ is a graph
G together with a cyclic order of the half-edge set of each vertex of G. A metric
fatgraph is a fatgraph together with a positive length assigned to each edge. Let Γ
be a metric fatgraph. The length of Γ is the sum of the lengths of all the edges of
Γ.

3. The space of string diagrams

Definition 1. Let G1 and G2 be graphs. Grafting data for the pair (G1, G2) is a
map g from the leaves of G1 to G2. The grafted graph is G1 ∪gG2 with the induced
canonical CW structure whose vertices are the images of the vertices of G1 and the
vertices of G2.
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Remark. The set of vertices of G1 ∪g G2 is the disjoint union of the set of vertices
of G1, the set of internal vertices of G2, and the set of vertices in the interiors of
edges of G1.

Definition 2. Let Γ1 and Γ2 be fatgraphs. Fatgrafting data for the pair (Γ1,Γ2)
consists of grafting data for the underlying pair (G1, G2), together with a fatgraph
structure on the grafted graph which is compatible with that of Γ1 and Γ2 in the
following sense.

(1) For each vertex of Γ1, the cyclic order of its half-edge set in the grafted
graph induces the cyclic order of the half-edge set of the same vertex in Γ1.

(2) For each internal vertex of Γ2, the cyclic order of its half-edge set in the
grafted graph induces the cyclic order of the half-edge set of the same vertex
in Γ2.

We denote the fatgrafted fatgraph by Γ1 ∪ Γ2, suppressing the grafting data g. If
Γ1 and Γ2 are metric fatgraphs, then the grafted graph Γ1 ∪ Γ2 inherits a metric
fatgraph structure. See Figure 1.

Figure 1. Fatgrafting data and the fatgrafted fatgraph. Cyclic
orders of half-edge sets are given by orienting the page.

Definition 3. A boundary cycle of a fatgraph is a cycle (~e1~e2 · · ·~en) of distinct
oriented edges so that ι(~ei+1) immediately follows ~ei in the cyclic order of the
half-edge set of the target of ~ei.

The realization of the boundary cycle (~e1~e2 · · ·~en) is the subgraph of Γ whose
vertices are the targets of the ~ei and whose edges are the ei.

The boundary circle of the boundary cycle (~e1~e2 · · ·~en) is a new graph with one
vertex and one edge for each ~ei. The endpoints of the edge corresponding to ~ei are
attached to the vertices corresponding to ~ei−1 and ~ei.

Remark. A boundary circle of a boundary cycle of a fatgraph is homeomorphic
to a circle. There is a canonical cellular map from such a boundary circle to the
fatgraph whose image is the realization of the boundary cycle.

Definition 4. The expected length of a metric fatgraph tree T is one less than the
number of leaves of T .

Definition 5. Let h be an internal half-edge of a tree T . The prunable subtree Th
of T is the unique maximal subtree of T containing h so that the vertex of h is a
leaf of Th.
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Definition 6. A metric tree T is balanced if:

(1) The length of T is its expected length.
(2) For every internal half-edge h of T , the length of the prunable subtree Th

is less than its expected length.

See Figure 2

Balanced Unbalanced

Figure 2. Two balanced trees and two unbalanced trees. Edge
lengths are given. The subtrees made up of of bold edges are
examples of prunable subtrees whose lengths are greater than or
equal to their expected lengths; these subtrees keep the trees from
being balanced.

We come to the main definition of this section.

Definition 7. A string diagram Γ is the isometry class of the following data:

(1) a metric graph Γ0 which is a disjoint union of k loops, each of length 1,
(2) a finite sequence of balanced metric fatgraph trees with no bivalent vertices
{T1, . . . , Tn} (we call n the depth of the string diagram Γ),

(3) a sequence of metric fatgraphs Γ1, . . . ,Γn and a sequence of fatgrafting data
for the pairs (Ti,Γi−1) such that Γi = Ti ∪ Γi−1,

(4) for each integer i in {1, . . . , n− 1}, a spacing parameter si in [0, 1],
(5) an ordering of the boundary cycles of Γn, and
(6) a marked point on each boundary circle of Γn.

The data are subject to the following conditions:

(a) The realization of the first k boundary cycles of Γn are precisely the image
of Γ0 in Γn.

(b) The realization of the marked points on the first k boundary cycles of Γn

coincide with the vertices of Γ0.

See Figure 3.

Definition 8. If the spacing parameter si = 0 in a string diagram Γ and if the
image of the fatgrafting data for the pair (Ti,Γi−1) lies in the image of Γi−2 in Γi−1,
then Γ is equivalent to the string diagram constructed from changing the order of
Ti and Ti−1. This changes Γi−1 to Ti ∪Γi−2, and all other data remain unchanged.
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Figure 3. Steps in the construction of a string diagram from three
disjoint circles and two balanced fatgraph trees. Marked points on
boundary circles are indicated with the symbol ×.

Remark. The rest of the section is devoted to describing the topology and CW
structure on the set of string diagrams modulo equivalence.

Definition 9. Let Γ and Γ′ be string diagrams of the same depth and with the
following condition on spacing parameters: for all i, si = 0 (respectively 1) if and
only if s′i = 0 (respectively 1). A combinatorial isomorphism Γ → Γ′ is a fatgraph
isomorphism Γn → Γ′n which:

(1) preserves the ordering of the boundary circles,
(2) sends marked points to marked points,
(3) induces fatgraph isomorphisms Γi → Γ′i and Ti → T ′i .

For a combinatorial isomorphism class G, let CombG be the set of all string diagrams
in the combinatorial isomorphism class G.

See Figure 4.

Remark. The set CombG has parameters corresponding to

(1) the lengths of edges in Γn,
(2) the positions of marked points in the last ` boundary circles of Γn,
(3) the spacing parameters si.

which give the set a topology. By abuse of notation, we use CombG to denote this
set with this topology.
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Figure 4. Combinatorial isomorphism

Lemma 1. The space CombG is homeomorphic to an open ball. Given these pa-
rameters, the closure of the ball CombG is a polytope. Passing to the boundary of
this polytope corresponds to the following types of degenerations:

(1) (a) allowing edge lengths to shrink to 0, preserving the overall length of
each Ti and each component of Γ0,

(b) allowing prunable subtrees of Ti to grow to their expected length,
(2) (a) allowing a marked point to move from the interior of an edge to one

of its endpoints in the graph,
(b) allowing the realization of two marked points on either side of one edge

to collide,
(3) allowing spacing parameters si in (0, 1) to degenerate to 0 or 1.

We call a point at the boundary of CombG a degenerate string diagram.

(1)(b) (1)(a) & (3) (2)(a) & (b)

Figure 5. Degenerations of the types listed in Lemma 1. In the
first two figures, cyclic orders are implied and marked points are
understood to coincide with vertices arising from grafting data.

Proof. For the purposes of this proof, we consider marked points in the interiors of
edges on the last ` boundary circles to be bivalent vertices. This means that the
nontrivial parameters of CombG come from edge lengths and spacing parameters.

Edge-length parameters form a subspace of R#E
>0 , where #E is the number of

edges in Γn. The lengths are subject to the conditions:

• each component of Γ0 has total length 1,
• each Ti has total length its expected length, and
• each prunable subtree of a Ti has total length strictly less than its expected

length.
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In R#E
>0 , components of Γ0 and individual Ti give hyperplanes and prunable subtrees

give half-planes. The intersection of half-planes is the interior of a convex polytope;
the intersection of this polytope with the specified hyperplanes is still a convex
polytope.

The intersection of R#E
>0 with the specified hyperplanes is bounded so the faces

of this polytope correspond to allowing R>0 to degenerate to zero and allowing
lengths of prunable subtrees to degenerate to their expected lengths. Allowing an
edge length to degenerate to zero corresponds to case (1a), (2a), or (2b), depending
on whether the edge has zero, one, or two bivalent vertices as endpoints. Allowing
the length of a prunable subtree to degenerate corresponds to case (1b).

Each spacing parameter which is not 0 or 1 can vary in the open interval (0, 1).
In the closure, these parameters can degenerate to 0 or 1.

Thus the space CombG is homeomorphic to the cartesian product of the polytope
interior coming from edge lengths and the open intervals coming from spacing
parameters. �

Remark. If there is a combinatorial isomorphism Γ → Γ′ and if Γ is equivalent

to Γ̃, then there exists a unique string diagram Γ̃′ equipped with a combinatorial

isomorphism Γ̃ → Γ̃′ so that Γ̃′ is equivalent to Γ′. This implies that equivalence
of string diagrams passes to equivalence of combinatorial isomorphism classes.

Γ Γ′ G

Γ̃ Γ̃′ G′

combinatorial isomorphism

equivalence equivalence  equivalence

combinatorial isomorphism

If G and G′ are equivalent, then CombG and CombG′ are canonically isomorphic
via a map that identifies their parameters. These isomorphisms are coherent if
there are more than two equivalent string diagrams. This motivates the following
definition.

Definition 10. Let K[G] be the quotient of⊔
G′∼G

CombG′

by equivalence of string diagrams.

Remark. The space K[G] is a polytope. We define a cell complex built by assembling
these polytopes below.

Definition 11. Let SD be the cell complex built as follows:
The cells are {K[G]}, where [G] ranges over equivalence classes of combinatorial

isomorphism classes of string diagrams. Attaching maps for each type of degenerate
string diagram ΓD are described below, depending on their type from Lemma 1. For
convenience we describe the attaching maps in terms of string diagrams, rather than
equivalence classes of string diagrams. Case (1), where edges shrink and prunable
subtrees grow to their expected lengths, is as follows:

(a) If ΓD has an edge of length 0, identify it with the string diagram Γ where
this edge has been contracted.
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• If the edge was an internal edge of a tree Ti which is a single edge in
ΓD, then that edge is collapsed in Ti to build Γ and no other changes
are necessary.

• If this edge was between two grafting vertices of ΓD, then Γ has two
grafting vertices which coincide.

• If this edge was between a grafting vertex of Ti and a non-grafting
vertex in Γi−1 in ΓD, then the leaf of Ti is grafted onto this vertex of
Γi−1 in Γ.

External edges of length 0 are a special case of type (1)(b) in Lemma 1.
(This is always codimension at least two.)

(b) If a prunable subtree Th of Ti in ΓD is of its expected length, then Γ is
built by grafting two trees: Ti − Th and then Th, with spacing parameter
si = 0. The grafting data is induced by the inclusion Th ↪→ Ti. Subsequent
trees and spacing parameters are relabeled accordingly.

If an external edge of Ti is of length 0 in ΓD, this breaks Ti into many
different prunable subtrees, each of its expected length. In this case, we
cannot distinguish the order of grafting of these trees to build Γ, but any
two choices are equivalent.

In case (2), when marked points move around, and in case (3), when spacing pa-
rameters degenerate to 0 or 1, ΓD is a string diagram—not just a degenerate string
diagram—and the identification is the straightforward one.

Proposition 1. The attaching maps in Definition 11 are well defined and so SD
is a cell complex.

Proof. It is understood that if an internal edge of a tree shrinks to zero, the lengths
of its other edges change so that its overall length is preserved. With this in mind,
it is clear that the identifications are with actual string diagrams.

All of these types of degenerations are stable under equivalence.
Finally, in order to ensure that the attaching maps are well defined, we must

check that they agree on codimension two faces. Because each cell K[G] is a poly-
tope, each codimension two face arises in precisely two ways as a codimension one
face of a codimension one face. In almost every case, the two codimension one
degenerations commute. Three cases require comment.

• If the codimension two face arises by contracting an external edge e of a Ti
whose non-grafting vertex v in Ti is trivalent, then the two degenerations are
as follows. First recall that prunable subtrees of Ti correspond to internal
half-edges of Ti. At v there are two prunable subtrees corresponding to the
edges other than e. The degenerations involve first expanding one of these
prunable subtrees to its expected length, and then collapsing e (which is
no longer an external edge of a tree).

• If the codimension two face arises by collapsing an edge containing a single
marked point, then the two possible degeneration sequences correspond to
moving that marked point to one end or the other of that edge, and then
collapsing that edge.

• If the codimension two face arises by moving two marked points on a single
edge to one of its vertices, then one degeneration sequence corresponds to
moving one marked point and then the other to the vertex, and the other
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degeneration sequence corresponds to first moving the two marked points
together, and then moving the pair to the vertex.

In every case the parameters are exactly the same. Therefore the attaching map is
well defined. �

Definition 12. Let SD(g, k, `) be the subspace of SD where

• Γ0 has k components,
• Γn has Euler characteristic 2− 2g − k − `,
• Γn has k + ` boundary cycles.

Proposition 2. The space SD(g, k, `) is a finite cell complex of dimension 6g −
6 + 3k + 4`− 1.

Proof. None of the attaching maps change the homotopy type of the underlying
fatgraph or perturb the number of loops in Γ0, and so the Euler characteristic, k,
and total number of boundary cycles remains unchanged. Therefore SD(g, k, l) is a
subcomplex of SD. There are a finite number of fatgraph isomorphism types with
at most k bivalent vertices, at most k components, and fixed Euler characteristic.
Given a fatgraph, there are only finitely many ways to realize it as being constructed
inductively from k loops and n fatgraph trees as in Definition 7. The rest of the
data, namely positions of marked points on the last ` boundary circles and spacing
parameters, yield only finitely cells. This shows that the space SD(g, k, `) is a finite
cell complex.

Now we calculate the dimension of SD(g, k, `). The interior of a top-dimensional
cell K[G] contains string diagrams with the maximum number of parameters pos-
sible. The dimension of K[G] is the sum of the number of parameters from edge
lengths, marked-point positions, and spacing parameters. We examine each of these
separately.

(1) In a string diagram Γ in the interior of K[G] all vertices of Γn except those
in Γ0 must be trivalent (that is, all internal vertices of trees are trivalent,
and leaves of Ti are grafted into interiors of edges of Γi−1).

If Ti in Γ is trivalent and has mi leaves, then Ti has 2mi − 3 edges.
Therefore, Γn has Euler characteristic

∑n
i=1(1−mi) = n−

∑n
i=1mi, which

is equal to 2− 2g − k − ` by assumption.
Because of the expected length condition, edge-lengths for each Ti con-

tribute 2mi − 3 − 1 parameters to the dimension of K[G] and grafting
data contribute mi parameters. Therefore, edge-lengths and grafting data
for all Ti in Γ contribute

∑n
i=1(3mi − 3 − 1) = 3(

∑n
i=1mi − n) − n =

3(2g − 2 + k + `)− n parameters to the dimension of K[G].
(2) In a string diagram Γ in the interior of K[G] all marked points on the last

` boundary circles must be distinct from vertices and from one another so
they contribute ` parameters to the dimension of K[G].

(3) Finally, in a string diagram Γ in the interior of K[G] all spacing parameters
must be in (0, 1) so they contribute n − 1 parameters to the dimension of
K[G].

Therefore, the dimension of K[G], and hence of SD(g, k, `), is 3(2g− 2 + k+ `)−
n+ `+ n− 1 = 6g − 6 + 3k + 4`− 1. �

Proposition 3. The space SD(g, k, `) is a pseudomanifold with boundary.
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Proof. To see that SD(g, k, `) is a psudomanifold with boundary we need to show
that each cell is the face of some top-dimensional cell and that each codimension one
cell is the face of exactly one or two top-dimensional cells. Again, for convenience,
we use string diagrams rather than their equivalence classes.

Each cell of SD(g, k, `) is the face of some top-dimensional cell because each
string diagram is the degeneration of some string diagram in a top-dimensional cell.
High valence vertices may be pulled apart to create only trivalent vertices. Marked
points may be moved away from vertices and each other. Spacing parameters may
be moved to be between 0 and 1.

String diagrams in the interior of a codimension one cell K[G′] satisfy all the
conditions listed above for top-dimensional cells, except they have exactly one of
the following:

(1) one 4-valent vertex
(2) one marked point on the last ` boundary circles which coincides either with

a vertex or, in the realization, with another marked point on the other side
of the edge

(3) one spacing parameter which is either 0 or 1.

To see that K[G′] is the face of exactly one or two top-dimensional cells, we
examine each type separately.

(1) If a fatgraph has a single 4-valent vertex, then there are exactly two ways of
splitting the 4-valent vertex and assigning a fat-graph structure to the two
new trivalent vertices so that if the new edge between them were contracted,
the old fatgraph structure would be recovered.

Depending how the 4-valent vertex of a string diagram arises, there are
different considerations for the string diagram structures enhancing the two
possible fatgraph structures.
• If the 4-valent vertex arises from grafting data where two leaves of
Ti have been grafted onto the same point in the interior of an edge of
Γi−1, and two corresponding half-edges are adjacent in the cyclic order
at the grafting vertex, then only one of the expanded fatgraphs may be
enhanced with an appropriate string diagram structure: the one given
by grafting the two leaves of Ti onto distinct points in the interior of
the same edge of Γi−1. The other expansion would necessitate a Ti
which is not a tree. Thus, such a codimension one cell is the face of
exactly one top cell.

• In every other case there are two top cells with such a cell as a codi-
mension one face: where the vertex is split into two trivalent vertices
with a single edge connecting them. There is a unique string diagram
enhancement of each of the two trivalent fatgraph structures described
above. If the 4-valent vertex is an internal vertex of some Ti then the
two fatgraph structures give two possible replacements for Ti. If the
4-valent vertex arises from grafting, then the two options will be given
by moving grafting points in two possible ways.

(2) If a marked point on one of the last ` boundary circles coincides with a
vertex, it can be moved to the interior of the edge on either side. If the
realization of two marked points on either side of one edge coincide, then
they can be separated along the edge in either order. In each of these cases,
the codimension one cell is the face of exactly two two top cells.
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(3) If si = 1, then this codimension one cell is the face of exactly one top cell:
the one where si is in (0, 1).

If si = 0 in Γ then either the grafting data for Ti+1 is disjoint from Ti
or it is not.
• If si = 0 and the grafting data for Ti+1 is disjoint from Ti, then Γ

is equivalent to exactly one other string diagram Γ′ where Ti+1 is
grafted before Ti. There are two top-dimensional cells with such a cell
as codimension one faces: where the spacing parameter si = 0 in Γ
and Γ′ respectively are replaced by positive numbers.

• If si = 0 and exactly one leaf of Ti+1 is grafted onto a point in the
interior of an edge of Ti, then there are two top cells with such a cell
as a codimension one face:

– The spacing parameter si = 0 is replaced by a positive number.
– The tree Ti+1 is considered a prunable subtree of a new tree
T ′i , which is the union of Ti and Ti+1. In the codimension one
face, the prunable subtree is of its expected length. In the top-
dimensional cell, the prunable subtree shrinks, preserving the
overall length of T ′i . Subsequent trees and spacing parameters
are renumbered accordingly.

• If si = 0 and more than one leaf of Ti+1 is grafted onto in the interior
of an edge of Ti, then there is only one top cell with such a cell as a
codimension one face: the one where the spacing parameter si = 0 is
replaced by a positive number. (Here, there is no cell of the second
type in the previous situation because a leaf of T ′i cannot be grafted
onto T ′i itself.)

�
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Figure 6. The space SD(0, 3, 1) is a T 4-bundle over a space home-
omorphic to a pair of pants. The fibers keep track of marked points;
the base keeps track of edge lengths and spacing parameters. The
cell structure on the total space induces one on the base. This
figure shows all cells of the base and how they are attached.


