
Chapter 2
Ultraproducts and !oś’ Theorem

In this chapter, W denotes an infinite set, always used as an index set, on which
we fix a non-principal ultrafilter.1 Given any collection of (first-order) structures
indexed by W , we can define their ultraproduct. However, in this book, we will
be mainly concerned with the construction of an ultraproduct of rings, an ultra-
ring for short, which is then defined as a certain residue ring of their Cartesian
product. From this point of view, the construction is purely algebraic, although
it is originally a model-theoretic one (we only provide some supplementary back-
ground on the model-theoretic perspective). We review some basic properties
(deeper theorems will be proved in the later chapters), the most important of
which is !oś’ Theorem, relating properties of the approximations with their ul-
traproduct. When applied to algebraically closed fields, we arrive at a result that
is pivotal in most of our applications: the Lefschetz Principle (Theorem 2.4.3),
allowing us to transfer many properties between positive and zero characteristic.

2.1 Ultraproducts

We start with the classical definition of ultraproducts via ultrafilters; for different
approaches, see §§2.5 and 2.6 below.

2.1.1 Ultrafilters.

By a (non-principal) ultrafilter W on W , we mean a collection of infinite subsets of
W closed under finite intersection, with the property that for any subset D !W ,
either D or its complement "D belongs to W. In particular, the empty set does

1 We will drop the adjective ‘non-principal’ since these are the only ultrafilters we are interested
in; if we want to talk about principal ones, we just say principal filter; and if we want to talk
about both, we say maximal filter.
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not belong to W, and if D #W and E is an arbitrary set containing D, then also
E # W, for otherwise "E # W, whence /0 = D$"E # W, contradiction. Since
every set in W must be infinite, it follows that any co-finite set belongs to W.
The existence of ultrafilters follows from the Axiom of Choice, and we make this
set-theoretic assumption henceforth. It follows that for any infinite subset of W ,
we can find an ultrafilter containing this set.

More generally, a proper collection of subsets of W is called a filter if it is closed
under intersection and supersets. Any ultrafilter is a filter which is maximal with
respect to inclusion. If we drop the requirement that all sets in W must infinite,
then some singleton must belong to W; such a filter is called principal, and these
are the only other maximal filters. A maximal filter is an ultrafilter if and only if it
contains the Frechet filter consisting of all co-finite subsets (for all these properties,
see for instance [81, §4] or [57, §6.4]).

In the remainder of these notes, unless stated otherwise, we fix an ultrafilter
W on W , and (almost always) omit reference to this fixed ultrafilter from our
notation. No extra property of the ultrafilter is assumed, with the one exception
described in Remark 8.1.5, which is nowhere used in the rest of our work anyway.
Ultrafilters play the role of a decision procedure on the collection of subsets of
W by declaring some subsets ’large’ (those belonging to W) and declaring the
remaining ones ’small’. More precisely, let ow be elements indexed by w #W , and
let P be a property. We will use the expressions almost all ow satisfy property
P or ow satisfies property P for almost all w as an abbreviation of the statement
that there exists a set D in the ultrafilter W, such that property P holds for the
element ow, whenever w # D. Note that this is also equivalent with the statement
that the set of all w #W for which ow has property P , lies in the ultrafilter (read:
is large).

2.1.2 Ultraproducts.

Let Ow be sets, for w #W . We define an equivalence relation on the Cartesian
product O! := "Ow, by calling two sequences (aw) and (bw), for w #W , equiv-
alent, if aw and bw are equal for almost all w. In other words, if the set of indices
w#W for which aw = bw belongs to the ultrafilter. We will denote the equivalence
class of a sequence (aw) by

ulim
w%!

aw, or ulimaw, or a!.

The set of all equivalence classes on "Ow is called the ultraproduct of the Ow and
is denoted

ulim
w%!

Ow, or ulimOw, or O!.

If all Ow are equal to the same set O, then we call their ultraproduct the ultrapower
O! of O. There is a canonical map O % O!, sometimes called the diagonal embed-
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ding, sending an element o to the image of the constant sequence o in O!. To see
that it is an injection, assume o& has the same image as o in O!. This means that
for almost all w, and hence for at least one, the elements o and o& are equal.

Note that the element-wise and set-wise notations are reconciled by the fact
that

ulim
w%!

{ow} = {ulim
w%!

ow}.

The more common notation for an ultraproduct one usually finds in the literature
is O'; in the past, I also have used O!, which in this book is reserved to denote
Cartesian products. The reason for using the particular notation O! in these notes
is because we will also introduce the remaining chromatic products O" and O# (at
least for certain local rings; see Chapters 9 and 8 respectively).

We will also often use the following terminology: if o is an element in an
ultraproduct O!, then any choice of elements ow # Ow with ultraproduct equal to
o will be called an approximation of o. Although an approximation is not uniquely
determined by the element, any two agree almost everywhere. Below we will
extend our usage of the term approximation to include other objects as well.

2.1.3 Properties of ultraproducts.

For the following properties, the easy proofs of which are left as an exercise, let
Ow be sets with ultraproduct O!.

2.1.1 If Qw is a subset of Ow for each w, then ulimQw is a subset of O!.

In fact, ulimQw consists of all elements of the form ulimow, with almost all ow
in Qw.

2.1.2 If each Ow is the graph of a function f w : Aw % Bw, then O! is the graph of
a function A! % B!, where A! and B! are the respective ultraproducts of Aw
and Bw. We will denote this function by

ulim
w%!

f w or f !.

Moreover, we have an equality

ulim
w%!

( f w(aw)) = (ulim
w%!

f w)(ulim
w%!

aw), (2.1)

for aw # Aw.
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2.1.3 If each Ow comes with an operation 'w : Ow(Ow % Ow, then

'! := ulim
w%!

'w

is an operation on O!. If all (or, almost all) Ow are groups with multipli-
cation 'w and unit element 1w, then O! is a group with multiplication '!

and unit element 1! := ulim1w. If almost all Ow are Abelian groups, then
so is O!.

2.1.4 If each Ow is a (commutative) ring under the addition +w and the multi-
plication ·w, then O! is a (commutative) ring with addition +! and multi-
plication ·!.

In fact, in that case, O! is just the quotient of the product O! := "Ow modulo
the null-ideal, the ideal consisting of all sequences (ow) for which almost all ow
are zero (for more on this ideal, see §2.5 below). From now on, we will drop
subscripts on the operations and denote the ring operations on the Ow and on O!

simply by + and ·.

2.1.5 If almost all Ow are fields, then so is O!. More generally, if almost each Ow
is a domain with field of fractions Kw, then the ultraproduct K! of the Kw
is the field of fractions of O!.

Just to give an example of how to work with ultraproducts, let me give the
proof: if a # O! is non-zero, with approximation aw (recall that this means that
ulimaw = a), then by the previous description of the ring structure on O!, almost
all aw will be non-zero. Therefore, letting bw be the inverse of aw whenever this
makes sense, and zero otherwise, one verifies that ulimbw is the inverse of a. )*

2.1.6 If Cw are rings and Ow is an ideal in Cw, then O! is an ideal in C! :=
ulimCw. In fact, O! is equal to the subset of all elements of the form ulimow
with almost all ow # Ow. Moreover, the ultraproduct of the Cw/Ow is iso-
morphic to C!/O!. If almost every Ow is generated by e elements, then so is
O!.

In other words, the ultraproduct of ideals Ow ! Cw is equal to the image of
the ideal "Ow in the product C! := "Cw under the canonical residue homomor-
phism C! %C!. As for the last assertion, suppose o1w, . . . ,oe(w),w generate Ow, for
each w, and let oi! be the ultraproduct of the oi,w, where we put the latter equal
to 0 if i > e(w). The ideal generated by the oi! can be strictly contained in O! (an
example is the ideal of infinitesimals, defined below in 2.4.13), but it is equal to it
if almost all ew are equal, say, to e. Indeed, any element o! of O! is an ultraprod-
uct of elements ow # Ow, which therefore can be written as a linear combination
ow = r1wo1w + · · ·+ re,woe,w, for some ri,w #Cw. Let ri! #C! be the ultraproduct
of the ri,w, for i = 1, . . . ,e. By !oś’ Theorem (see Theorem 2.3.2 below), we have
o! = r1!o1! + · · ·+ re!oe!.
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2.1.7 If f w : Aw % Bw are ring homomorphisms, then the ultraproduct f ! is
again a ring homomorphism. In particular, if !w is an endomorphism on
Aw, then the ultraproduct ! ! is a ring endomorphism on A! := ulimAw.

2.2 Model-theory in rings

The previous examples are just instances of the general principle that ‘algebraic
structure’ carries over to the ultraproduct. The precise formulation of this prin-
ciple is called !ós’ Theorem (!oś is pronounced ‘wôsh’) and requires some termi-
nology from model-theory. However, for our purposes, a weak version of !oś’
Theorem (namely Theorem 2.3.1 below) suffices in almost all cases, and its proof
is entirely algebraic. Nonetheless, for a better understanding, the reader is invited
to indulge in some elementary model-theory, or rather, an ad hoc version for
rings only (if this not satisfies him/her, (s)he should consult any textbook, such
as [57, 67, 81]).

2.2.1 Formulae.

By a quantifier free formula without parameters in the free variables " =("1, . . . ,"n),
we will mean an expression of the form

#(" ) :=
m!

j=1
f1 j = 0+ . . .+ fs j = 0+g1 j ,= 0+ . . .+gt j ,= 0, (2.2)

where each fi j and gi j is a polynomial with integer coefficients in the variables
" , and where + and - are the logical connectives and and or. If instead we al-
low the fi j and gi j to have coefficients in a ring R, then we call #(" ) a quantifier
free formula with parameters in R. We allow all possible degenerate cases as well:
there might be no variables at all (so that the formula simply declares that certain
elements in Z or in R are zero and others are non-zero) or there might be no equa-
tions or no negations or perhaps no conditions at all. Put succinctly, a quantifier
free formula is a Boolean combination of polynomial equations using the connec-
tives +, - and ¬ (negation), with the understanding that we use distributivity and
De Morgan’s Laws to rewrite this Boolean expression in the (disjunctive normal)
form (2.2).

By a formula without parameters in the free variables " , we mean an expression
of the form

#(" ) := (Q1 $1) · · ·(Qp $p)%(" ,$ ),

where %(" ,$ ) is a quantifier free formula without parameters in the free variables
" and $ = ($1, . . . ,$p) and where Qi is either the universal quantifier . or the
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existential quantifier /. If instead %(" ,$ ) has parameters from R, then we call
#(" ) a formula with parameters in R. A formula with no free variables is called a
sentence.

2.2.2 Satisfaction.

Let #(" ) be a formula in the free variables " = ("1, . . . ,"n) with parameters from
R (this includes the case that there are no parameters by taking R = Z and the case
that there are no free variables by taking n = 0). Let A be an R-algebra and let a =
(a1, . . . ,an) be a tuple with entries from A. We will give meaning to the expression
a satisfies the formula #(" ) in A(sometimes abbreviated to #(a) holds in Aor is
true in A) by induction on the number of quantifiers. Suppose first that #(" ) is
quantifier free, given by the Boolean expression (2.2). Then #(a) holds in A, if for
some j0, all fi j0(a) = 0 and all gi j0(a) ,= 0. For the general case, suppose #(" ) is of
the form (/$ )%(" ,$ ) (respectively, (.$ )%(" ,$ )), where the satisfaction relation
is already defined for the formula %(" ,$ ). Then #(a) holds in A, if there is some
b# A such that %(a,b) holds in A (respectively, if %(a,b) holds in A, for all b# A).
The subset of An consisting of all tuples satisfying #(" ) will be called the subset
defined by # , and will be denoted #(A). Any subset that arises in such way will
be called a definable subset of An.

Note that if n = 0, then there is no mention of tuples in A. In other words, a
sentence is either true or false in A. By convention, we set A0 equal to the singleton
{ /0} (that is to say, A0 consists of the empty tuple /0). If # is a sentence, then the
set defined by it is either { /0} or /0, according to whether # is true or false in A.

2.2.3 Constructible Sets.

There is a connection between definable subsets and Zariski-constructible subsets,
where the relationship is the most transparent over algebraically closed fields, as
we will explain below. In general, we can make the following observations.

Let R be a ring. Let #(" ) be a quantifier free formula with parameters from
R, given as in (2.2). Let &#(" ) denote the constructible subset of An

R = Spec(R[" ])
consisting of all prime ideals p which, for some j0, contain all fi j0 and do not
contain any gi j0 . In particular, if n = 0, so that A0

R is by definition Spec(R), then
the constructible subset &# associated to # is a subset of Spec(R).

Let A be an R-algebra and assume moreover that A is a domain (we will never
use constructible sets associated to formulae if A is not a domain). For an n-tuple
a over A, let pa be the (prime) ideal in A[" ] generated by the "i" ai, where " =
("1, . . . ,"n). Since A[" ]/pa 0= A, we call such a prime ideal an A-rational point of
A[" ]. It is not hard to see that this yields a bijection between n-tuples over A and A-
rational points of A[" ], which we therefore will identify with one another. In this
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terminology, #(a) holds in A if and only if the corresponding A-rational point pa
lies in the constructible subset &#(" ) (strictly speaking, we should say that it lies
in the base change &#(" )(Spec(R) Spec(A), but for notational clarity, we will omit
any reference to base changes). If we denote the collection of A-rational points
of the constructible set &#(" ) by &#(" )(A), then this latter set corresponds to the
definable subset #(A) under the identification of A-rational points of A[" ] with n-
tuples over A. If # is a sentence, then &# is a constructible subset of Spec(R) and
hence its base change to Spec(A) is a constructible subset of Spec(A). Since A is a
domain, Spec(A) has a unique A-rational point (corresponding to the zero-ideal)
and hence # holds in A if and only if this point belongs to &# .

Conversely, if & is an R-constructible subset of An
R, then we can associate to it a

quantifier free formula #& (" ) with parameters from R as follows. However, here
there is some ambiguity, as a constructible subset is more intrinsically defined
than a formula. Suppose first that & is the Zariski closed subset V(I), where I is
an ideal in R[" ]. Choose a system of generators, so that I = ( f1, . . . , fs)R[" ] and
set #& (" ) equal to the quantifier free formula f1(" ) = · · ·= fs(" ) = 0. Let A be an
R-algebra without zero-divisors. It follows that an n-tuple a is an A-rational point
of & if and only if a satisfies the formula #& . Therefore, if we make a different
choice of generators I = ( f &1, . . . , f &s)R[" ], although we get a different formula # &,
it defines in any R-algebra A without zero-divisors the same definable subset, to
wit, the collection of A-rational points of & . To associate a formula to an arbitrary
constructible subset, we do this recursively by letting #& +#' , #& -#' and ¬#&
correspond to the constructible sets & $' , & 1' and "& respectively.

We say that two formulae #(" ) and %(" ) in the same free variables " =
("1, . . . ,"n) are equivalent over a ring A, if they hold on exactly the same tuples
from A (that is to say, if they define the same subsets in An). In particular, if # and
% are sentences, then they are equivalent in A if they are simultaneously true or
false in A. If #(" ) and %(" ) are equivalent for all rings A in a certain class K , then
we say that #(" ) and %(" ) are equivalent modulo the class K . In particular, if & is
a constructible subset in An

R, then any two formulae associated to it are equivalent
modulo the class of all R-algebras without zero-divisors. In this sense, there is a
one-one correspondence between constructible subsets of An

R and quantifier free
formulae with parameters from R up to equivalence.

2.2.4 Quantifier Elimination.

For certain rings (or classes of rings), every formula is equivalent to a quantifier
free formula; this phenomenon is known under the name Quantifier Elimination.
We will only encounter it for the following class.

Theorem 2.2.1 (Quantifier Elimination for algebraically closed fields). If K
is the class of all algebraically closed fields, then any formula without parameters is
equivalent modulo K to a quantifier free formula without parameters.
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More generally, if F is a field and K (F) the class of all algebraically closed fields
containing F , then any formula with parameters from F is equivalent modulo K (F)
to a quantifier free formula with parameters from F .

Proof (Sketch of proof ). These statements can be seen as translations in model-
theoretic terms of Chevalley’s Theorem which says that the projection of a con-
structible subset is again constructible. I will only explain this for the first as-
sertion. As already observed, a quantifier free formula #(" ) (without parame-
ters) corresponds to a constructible set &#(" ) in An

Z and the tuples in Kn satis-
fying #(" ) are precisely the K-rational points &#(" )(K) of &#(" ). The key ob-
servation is now the following. Let %(" ,$ ) be a quantifier free formula and put
((" ) := (/$ )%(" ,$ ), where " = ("1, . . . ,"n) and $ = ($1, . . . ,$m). Let ' := %(K)
be the subset of Kn+m defined by %(" ,$ ) and let ) := ((K) be the subset of Kn

defined by ((" ). Therefore, if we identify Kn+m with the collection of K-rational
points of An+m

K , then
' = &%(" ,$ )(K).

Moreover, if p : An+m
K % An

K is the projection onto the first n coordinates then
p(') = ) . By Chevalley’s Theorem (see for instance [27, Corollary 14.7] or [39,
II. Exercise 3.19]), p(&%(" ,$ )) (as a subset in An

Z) is again constructible, and there-
fore, by our previous discussion, of the form &*(" ) for some quantifier free for-
mula *(" ). Hence ) = &*(" )(K), showing that ((" ) is equivalent modulo K to
*(" ). Since *(" ) does not depend on K, we have in fact an equivalence of for-
mulae modulo the class K . To get rid of an arbitrary chain of quantifiers, we
use induction on the number of quantifiers, noting that the complement of a set
defined by (.$ )%(" ,$ ) is the set defined by (/$ )¬%(" ,$ ), where ¬(·) denotes
negation.

For some alternative proofs, see [57, Corollary A.5.2] or [67, Theorem 1.6].
)*

2.3 !oś’ Theorem

Thanks to Quantifier Elimination (Theorem 2.2.1), when dealing with alge-
braically closed fields, we may forget altogether about formulae and use con-
structible subsets instead. However, we will not always be able to work just in
algebraically closed fields and so we need to formulate a general transfer principle
for ultraproducts. For most of our purposes, the following version suffices:

Theorem 2.3.1 (Equational !oś’ Theorem). Suppose each Aw is an R-algebra, and
let A! denote their ultraproduct. Let " be an n-tuple of variables, let f # R[" ], and
let aw be n-tuples in Aw with ultraproduct a!. Then f (a!) = 0 in A! if and only if
f (aw) = 0 in Aw for almost all w.

Moreover, instead of a single equation f = 0, we may take in the above statement
any system of equations and negations of equations over R.
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Proof. Let me only sketch a proof of the first assertion. Suppose f (a!) = 0. One
checks (do this!), making repeatedly use of (2.1), that f (a!) is equal to the ultra-
product of the f (aw). Hence the former being zero simply means that almost all
f (aw) are zero. The converse is proven by simply reversing this argument. )*

On occasion, we might also want to use the full version of !oś’ Theorem,
which requires the notion of a formula as defined above. Recall that a sentence is
a formula without free variables.

Theorem 2.3.2 (!oś’ Theorem). Let R be a ring and let Aw be R-algebras. If # is a
sentence with parameters from R, then # holds in almost all Aw if and only if # holds
in the ultraproduct A!.

More generally, let #("1, . . . ,"n) be a formula with parameters from R and let aw
be an n-tuple in Aw with ultraproduct a!. Then #(aw) holds in almost all Aw if and
only if #(a!) holds in A!.

The proof is tedious but not hard; one simply has to unwind the definition of
formula (see [57, Theorem 9.5.1] for a more general treatment). Note that A! is
naturally an R-algebra, so that it makes sense to assert that # is true or false in A!.
Applying !oś’ Theorem to a quantifier free formula proves Theorem 2.3.1.

2.4 Ultra-rings

An ultra-ring is simply an ultraproduct of rings. Probably the first examples of
ultra-rings appearing in the literature are the so-called non-standard integers, that
is to say, the ultrapowers Z! of Z,2 and the hyper-reals, that is to say, the ultra-
power R! of the reals, which figure prominently in non-standard analysis (see, for
instance, [36, 80]). Ultra-rings will be our main protagonists, but for the moment
we only establish some very basic facts about them.

2.4.1 Ultra-fields.

Let Kw be a collection of fields and K! their ultraproduct, which is again a field by
2.1.5 (or by an application of !oś’ Theorem). Any field which arises in this way
is called an ultra-field.3 Since an ultraproduct is either finite or uncountable, Q is
an example of a field which is not an ultra-field.

2 Logicians study these under the guise of models of Peano arithmetic, where, instead of Z!, one
traditionally looks at the sub-semi-ring N!, the ultrapower of N (see, for instance, [63]). Caveat:
not all non-standard models are realizable as ultrapowers.
3 In case the Kw are finite but of unbounded cardinality, their ultraproduct K! is also called a
pseudo-finite field; in these notes, however, we prefer the usage of the prefix ultra-, and so we
would call such fields instead ultra-finite fields


