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Abstract: This talk will be a survey of the history of the real Jacobian

conjecture. Originally formulated in 1939 by Keller for an arbitrary field,

has two versions over the real numbers. Given topological motivations, S.

Pinchuk proved in 1994 that its strong version cannot be affirmative. Re-

cently F. Brown, J. Giné and J. Llibre found a sufficient condition on the real

polynomial map to have a globally defined polynomial inverse. Their proof is

motivated by results by Sabatini from 1998 about isochronous Hamiltonian

centers.

1 Introduction

Jacobian conjecture originally formulated by Keller in 1939 states that:

Conjecture 1 If a polynomial mapping F : Kn → Kn has a non-vanishing

Jacobian then F−1 is a (globally defined) polynomial mapping.

For non-algebraically closed fields the statement of being “non-vanishing”

can be read in two different ways:

1. In the strong version JacF is a function that does not have zeros in K,

for example JacF = 1 + x2 is non-vanishing over R.

2. In the weak version JacF = constant 6= 0,
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An example provided by Pinchuk in 1994 (motivated by Vitushkin and

Abhyankar) showed that the strong version is not true.

Recently, in 2015, F. Brown, J. Giné and J. Llibre showed a sufficient

condition on the map F so that the strong version is true.

The weak version remains open.

Open questions asked by Hans: Consider the strong version of the Jaco-

bian conjecture over Q, real algebraic numbers, etc.

2 Counterexample for the strong version over

R

Simple and elegant counterexample by Sergey Pinchuk is described neatly on

two pages of his 4-page article. Define polynomials t = xy− 1, h = t(xt+ 1)

and f = (tx+1)2(h+1)
x

and then prove that there exists polynomial u(f, h) such

that Jac(f + h, u(f, h)) = −f
(

∂u
∂f
− ∂u

∂h

)
and define polynomials p = f + h

and q = −t2 − 6th(h + 1) − u(f, h). Then show that Jac(p, q) = t2 + f 2 +

(t + f(13 + 15h))2 > 0 and that (p, q) is not a global diffeomorphism.

The degree of the example is 40.

3 Algebraic conditions

The article by F. Brown, J. Giné and J. Llibre proves as their main result:

Theorem 1 Let F = (f, g) be a real polynomial map such that JacF 6= 0

and F (0, 0) = (0, 0). If the higher homogeneous terms of the polynomials
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ffx + ggx and ffy + ggy do not have linear factors in common then F is

injective.

Examine the statement and observe that if Φ = |F |2
2

= f2+g2

2
then ∇Φ =<

ffx + ggx, ffy + ggy >. Thus the common linear factors of ffx + ggx and

ffy + ggy factor out as function scalar from the gradient vector of Φ...

The authors, however, consider the Hamiltonian system associated with

Φ:

ẋ = −∂Φ
∂y

ẏ = ∂Φ
∂x

which is “orthogonal” to the gradient.

Examples. In Mathematica

Where did the motivation for this condition come from?

3.1 Qualitative theory of differential equations

Definition 1 A singular point q of a vector field in R2 is called a centre

if it has a (punctured) neighborhood U filled of periodic orbits. The period

annulus of the centre q is the maximal neighborhood P of q such that the

orbits contained in P are periodic. A centre is global if its period annulus is

the whole R2. A centre q is isochronous if there exists a neighborhood V

such that all nontrivial cycles intersecting V have the same period. A centre q

is totally isochronous all nontrivial cycles inside V have the same period.

The following result by Sabatini plays an important role in the the proof

of the result by F. Brown, J. Giné and J. Llibre
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Theorem 2 Let F = (f, g) be a real polynomial map such that JacF 6= 0

and F (0, 0) = (0, 0). Then the following statements are equivalent

1. The origin is the global centre of for the polynomial vector field <

−ffy − ggy, ffx + ggx >

2. F is a global diffeomorphism of a plane into itself.

The authors use the following lemma:

Lemma 1 Let F = (f, g) be a real polynomial map such that JacF 6= 0 and

F (0, 0) = (0, 0). Assume that deg f = deg g = m. If fm and gm do not

have real linear factors in common then the higher homogeneous terms in

−ffy − ggy and ffx + ggx also do not have real linear factors in common.
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