
NOTES ON O-MINIMALITY

1. O-minimality

In what follows, < is a binary relation symbol and Lord is the language with just
this symbol, that is to say, Lord is the language of ordered structures. We will only
consider languages L extending Lord. Given an L-structureM, we will writeMord

or (M,<) for its Lord-reduct. Any L-structure M will be assumed to be a dense
linear order without endpoints, or, formally, DLO−− |= Mord. We introduce two
new symbols −∞ and ∞, and, given an L-structure M, we let M∞ := M ∪ {±∞}
and we writeM∞ for the Lord-structure (M∞, <) considered as a model of DLO++

with −∞ and ∞ the respective left and right endpoint. We will use the following
ISO convention for intervals: open ]a, b[ (which we always assume to be non-empty,
that is to say, a < b), closed [a, b] (including the singleton {a} = [a, a] ), half-open
]a, b] or [a, b[ , and their infinite variants like ]−∞, a[ , ]−∞, a] , ]a,∞[ , and
[a,∞[ , with a, b ∈ M . Note that the usage of ∞ here is only informal since these
are definable subsets in the language without the extra constants ±∞ by formulae
of the form x < a, etc.: any interval is Lord-definable (with parameters). Some
care has to be taken when the endpoints are not from the structure itself: when we
write the set of all rational numbers q with 3 < q < π as an interval ]3, π[ , then in
spite of the notation, it is not a definable subset, but only an infinite conjunction
of definable subsets. We therefore will reserve the term interval only for definable
intervals, that is to say, with endpoints in the structure. Given a subset Y ⊆ M
and a point b ∈M , we will sometimes use notations like Y<b := T ∩ ]−∞, b[ . The
following easy but important property of intervals will be used tacitly:

1.1. Lemma. The union and the intersection of two non-disjoint intervals are again
intervals. �

1.2. Definition (O-minimality). An L-structure M is called o-minimal, if every
definable subset A ⊆M is a finite union of open intervals and points.

In other words, any formula in L1 is equivalent with a (quantifier free) formula
in the restricted language Lord. The main feature of o-minimality is that this dirth
(up to equivalence) of one-variable formulae puts severe restrictions on its many-
variable formulae, as I will discuss briefly in the next section.

1.3. Example. We will prove in Proposition 3.1 below that the reals as an ordered
field is o-minimal. Any Lord-structure that is a model of DLO−− is o-minimal.
This follows from quantifier elimination and the fact that the only atomic formulae
are equalities and inequalities. One can show that any discretely ordered structure,
like (N, <) is also o-minimal. However, if α is an uncountable ordinal, then (α,<)
is not o-minimal: the set of all limit ordinals is definable (as those ordinals that do
not have an immediate predecessor), and this subset is infinite but discrete.
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1.4. Lemma. Given a definable subset Y ⊆ M in an o-minimal structure M, the
infimum and the supremum of Y exist in M∞.

Proof. Follows from the fact that the endpoints of an interval are its infimum and
supremum. Recall the convention that the infimum and the supremum of the empty
set are respectively ∞ and −∞ (this is justified by the observation that removing
points from a set will increase its infimum and decrease its supremum). �

1.5. Example. As already noted above in Example 1.3, the structure (Q, <) is o-
minimal. Expanding this to the ordered field (Q,+,−, ·;<; 0, 1), however, destroys
o-minimality. Indeed, the open ]

√
2,∞[ is definable as the set of all x > 0 such

that x2 > 2, but its infimum,
√

2, does not belong to Q, as would be the case by
Lemma 1.4 if the structure were o-minimal.

We will always view an ordered structure in its order topology in which the basic
open subsets are the open (possibly unbounded) intervals. Note that this is always
a Hausdorff topology by density. Recall that the interior Y ◦ of a subset Y in a
topological space M consists of all points x ∈ Y for which there exists an open
U ⊆ Y with x ∈ U ; the closure Ȳ is then the complement of the interior of the
complement M \ Y . In the ordered case, if Y ⊆ M is definable, say, by a formula
φ(x), then its interior is also definable, namely by the formula φ◦(x) given as the
conjunction of φ(x) and the formula ∃z1 < x < z2,∀y : z1 < y < z2 → φ(y); and
likewise for its closure. Hence if M is o-minimal, then Y ◦ is a finite union of open
intervals, and both Y \Y ◦ (the boundary of Y ) and ∂MY := Ȳ \Y ◦ (the topological
boundary of Y ) are finite (note that we always take boundaries in M , not in M∞).
We say that the topological boundary ∂Y is secure, if for any two points in M , one
belonging to Y and one not, there is a boundary point between them, that is to
say, for all x ∈ Y and y /∈ Y , there exists b ∈ ∂Y , such that x ≤ b ≤ y or y ≤ b ≤ x.
Here are some alternative criteria for o-minimality:

1.6. Proposition. For a structure M, the following are equivalent:
(1.6.i) M is o-minimal;

(1.6.ii) every definable subset of M has an infimum (in M∞) and its topological
boundary is finite;

(1.6.iii) every proper definable subset of M has a finite, non-empty topological
boundary;

(1.6.iv) every definable subset of M has a finite and secure topological boundary.

Proof. We start with showing (1.6.i) ⇒ (1.6.iv). If M is o-minimal and Y ⊆ M
definable, then Y is a union of disjoint intervals Y = I1 t · · · t Is. Hence, its
topological boundary ∂Y consists of the endpoints of these intervals, whence is in
particular finite. To prove security, let x ∈ Y and y /∈ Y . Without loss of generality,
we may assume x < y. Assume x ∈ Ii and let ri be the right endpoint of Ii, so that
in particular, ri ∈ ∂Y . Since y /∈ Y , we have ri ≤ y, proving (1.6.iv).

The implication (1.6.iv) ⇒ (1.6.iii) is immediate. To prove (1.6.iii) ⇒ (1.6.ii),
we fix a proper definable subset Y ⊆M , and we must show that it has an infimum.
If M \ Y contains no interval of the form ]−∞, y] , then −∞ is the infimum of
Y . So we may assume Y is bounded from below. Let b a minimal element in ∂Y .
Our goal is to prove it is the infimum of Y , and to prove this we may replace Y by
Y ∪ [b,∞[ , since the latter definable subset has the same infimum. So assume Y
contains [b,∞[ , and hence, in particular, ∂Y = {b}. Suppose Y<b := Y ∩ ]−∞, b[
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is non-empty, say, b > z ∈ Y . Since z is then not a boundary point of Y , it is an
interior point of Y . Let Z be the subset of all x ∈ M such that either x < z and
[x, z] ⊆ Y , or z < x and [z, x] ⊆ Y . By density and the fact that z is interior,
this is a non-empty definable subset of Y . If b ∈ ∂Z, then [z, y[ lies in Y for any
z < y < b, and therefore so does [z,∞[ , contradicting that b is a boundary point
of Y . So b /∈ ∂Z. By assumption, ∂Z is non-empty, and so there exists c < b with
c ∈ ∂Y . Since c lies in the closure of Z and Z ⊆ Y , it lies in the closure of Y . If it
were interior to Y , then it belongs to some open interval I ⊆ Y . But then I ⊆ Z
by definition of Z, contradicting that c is a boundary point of Z. So, c lies in ∂Y ,
contradicting the minimality of b. Hence Y<b is empty, meaning that b is a lower
bound of Y . If x is another lower bound, then b < x would contradict that b is a
boundary point, and so we showed that b in the largest lower bound, that is to say,
the infimum of Y , as we needed to show.

To prove (1.6.ii) ⇒ (1.6.i), we induct on the size n of the ‘extended’ boundary
∂Y ∪{inf Y } (note that l := inf Y is either ±∞ or in ∂Y ). Since any isolated point
of Y is in ∂Y , we may omit it and hence assume that Y has no isolated points. Let
l be the infimum of Y and let r be the minimum of ∂Y \ {l} (with the convention
that r = ∞ if the latter set is empty). I claim that ]l, r[ lies in Y . Assuming the
claim, let Y ′ := Y \ [l, r] . One easily checks that the extended boundary of Y ′ is
strictly contained in that of Y , and so by induction, Y ′ is a finite union of intervals,
whence so is Y .

To prove the claim, suppose to the contrary that there exists l < a < r with
a /∈ Y . Since a cannot be in ∂Y , it is outside Ȳ , whence an interior point of M \Y .
In particular, the set Z of all x ∈M such that x < a and ]x, a[ is disjoint from Y ,
is a non-empty subset of M . Since Z is definable, it has an infimum, say b. I claim
that b ∈ ∂Y : indeed, clearly, b cannot be in the interior of Y , but any open interval
around b must contain points in Y , so b ∈ Ȳ . However, this forces b = l, and this
in turn implies that l is isolated, contradiction. �

Note that condition (1.6.iii) is a purely topological condition, not mentioning
the order relation. Therefore, we may consider this condition for other structures
with a topology given by definable basic open subsets (the intervals in the present
case). For instance, any algebraically closed fieldM, being minimal (= all definable
subsets of M are either finite or co-finite), satisfies this property with respect to its
Zariski topology.

1.7. Remark (Connectedness). We would like to call the disjoint intervals in a de-
finable subset Y ⊆ M its connected components. However, one should be careful
to call an interval “connected”. The correct notion is that of a definably connected
subset, namely a definable subset X ⊆ Mn that can not be written as a disjoint
union of two open definable subsets of X. Any interval is definably connected.
However, this notion does not always agree with the notion of topological connect-
edness: the interval ]3, 4[ in Q is definably connected, but the decomposition in
the two disjoint (non-definable) opens ]3, π[ and ]π, 4[ shows that it is not topo-
logically connected (in fact, Q is totally disconnected as a topological space). Over
the reals, by Dedekind completeness, both notions agree. It is an easy exercise that
in an o-minimal structure, a subset of M is definably connected if and only if it is
an interval.
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1.8. Lemma. In an ordered structure, the image of a definably connected subset
under a definable and continuous function is definably connected. In particular,
a definable and continuous function on an o-minimal structure maps intervals to
intervals.

Proof. Let f : M →M be definable and continuous and let Y ⊆M be a definably
connected (and definable) subset, and suppose f(Y ) is a disjoint union Y1 t Y2 of
two definable open subsets Yi ⊆ f(Y ). Since f is continuous, f−1(Yi) are open in
Y , and since f is definable, they are also definable. Hence Y = f−1(Y1)t f−1(Y2),
contradiction. The last assertion follows from the remark preceding the lemma. �

O-minimal groups. We conclude with another example. Recall that an ordered
group is a group G with a compatible order relation, that is to say, the group
operation is order preserving, whence in particular continuous. It follows that G
is torsion-free. We will moreover assume that G is Abelian and divisible, and
we let TDivOrd be the corresponding theory, where we write the group operation
additively, that is to say, we view G as a structure in the language of ordered
groups Lordgr in the signature (+,−; 0;<). This is justified by the fact that any
o-minimal (expansion of) an ordered group is always Abelian and divisible:

1.9. Proposition. Let G = (G, ·, <, . . . ) be an o-minimal expansion of an ordered
group, then G is Abelian and divisible. Moreover, G has no proper definable sub-
groups.

Proof. Let us proof the last assertion first: suppose H ⊆ G is a proper definable
subgroup. If H is not convex, then we can find elements 1 < g < h with g /∈ H
but h ∈ H. Since 1 < g < h < gh < h2 < gh2 < h3 < . . . is a chain of elements
alternatingly in and out H, we contradicted o-minimality. Hence H is convex. Let
c be its supremum (which exists by Lemma 1.4), so that ]1, c[ ⊆ H and let h be
in the latter interval. Since ch is bigger than c, it does not belong to H and hence
c /∈ H. On the other hand, since h−1 < 1, the inequalities 1 < ch−1 < c show that
ch−1 ∈ H whence c ∈ H, contradiction. To prove commutativity, let C(g) be the
centralizer of an element g ∈ G. Since this subgroup is definable (as the set of all x
such that gx = xg), it is equal to G, proving that every element g is central. Since
for each n, the subgroup of n-th powers is definable whence equal to G, we showed
that every element is an n-th power, whence G is divisible. �

2. Uniformity and Cell Decomposition

In this section, I only cite a few results on the phenomenon mentioned above
that the simple structure on definable subsets in one variable has implications on
the structure of multi-variable definable subsets (details can be found in [3]). We
start by discussing uniformity in definable families.

2.1. Theorem. If M ≡ N are elementary equivalent L-structures, then one is
o-minimal if and only if the other is. �

The following example (communciated to me by L. van den Dries) disproves the
claim that the class of o-minimal structures can ever be elementary. We start with
an easy lemma, the proof of which is left as an exercise:

2.2. Lemma. Let L be a language containing Lord and let L+ be the expansion of
L by one additional n-ary predicate U. Let M be an o-minimal L-structure and
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let M+ be an expansion to an L+-structure. If U(M+) ⊆ Mn is already definable
(with parameters) inM (that is to say, without usage of the predicate U), thenM+

is also o-minimal.

Hint. What are the definable subsets of M+? �

Now, let us apply this with L the language of ordered fields, R the ordered field
of the reals (see §3) and U a unary predicate. For each n, let R+

n be the expansion
of R in which U defines the set {0, 1, 2, . . . , n}. By Lemma 2.2, each R+

n is an
o-minimal L+-structure. Show that their ultraproduct R+

\ is no longer o-minimal.
Theorem 2.1 implies the following uniformity in the parameters: any definable

family of finite subsets of M has a bounded number of elements. To formalize
this, let us introduce some terminology: given a definable subset X ⊆ Mn ×M
and a tuple c ∈ Mn, recall that the fiber Xc of X above c under the projection
Mn+1 → Mn is the set of all a ∈ M such that (c, a) ∈ X. Adefinable family is
then a collection of fibers of the form Xc; note that this corresponds to a formula
ψ(z1, . . . , zn, x), defining X, in which we specify parameters c for the z-variables.
O-minimality therefore implies that each Xc is a finite union of open intervals
and points. We associate to X definable functions bX,i, lX,i, rX,i : Mn → M∞
by induction on i (recall that a function is called definable if its graph is).1 For
simplicity, we drop reference to the set X. Fix a tuple c ∈ Mn and let Y :=
Xc. Let us order the boundary points, that is to say, the points in Y \ Y ◦, as
b1(c),b2(c), . . . , where we put bi(c) = ∞ once we exhausted all boundary points
(recall that the infimum of the empty set is ∞). As already remarked in the
previous proof, we can do this in a definable way, by taking the smallest boundary
point, then the second smallest boundary point, etc., so that the bi are definable
functions. After removing all boundary points, we are left with Y ◦. We can now
similarly choose the first definably connected component of Y ◦, then its second
definably connected component, and so on. Namely, let l be the minimum of the
topological boundary ∂Y ◦ ⊆ ∂Y and let r be the infimum of ]l,∞[ \Y ◦. Hence ]l, r[
is a definably connected component of Y ◦ and so we put l1(c) := l and r1(c) := r.
As in the previous proof, we then remove the interval ]l, r[ from Y ◦ and continue
with the remaining (definable) set, to obtain the remaining connected components
]li(c), ri(c)[ , where again we put any of these functions equal to ∞ if is there are
no endpoints left. Hence the first k such that lk−1(c) =∞ is the number of disjoint
open intervals in Y ◦. In conclusion, Y is equal to the set of finite boundary points
bi(c) together with the open intervals ]li(c), ri(c)[ with li(c) <∞. In particular,
when one of these functions’ value is finite, it belongs to the topological boundary
∂Y .

2.3. Theorem. For any definable subset X ⊆ Mn+1, there exists a bound α ∈ N
such that every fiber Xc, for c ∈Mn, is the union of at most α points and α open
intervals.

Proof. By the previous discussion, it suffices to bound the size of the topological
boundary ∂Xc. Suppose no bound exists, so that we can find for each k ∈ N, a
tuple ck ∈Mn such that ∂Xck

has cardinality at least k. LetM\ be an ultrapower

1There is an inaccuracy here since M∞ is not an L-structure. To resolve this, take any

expansion of M∞ to an L-structure and extend the above maps to L-definable maps Mn
∞ →M∞

in an arbitrary way; this is harmless, since we will never apply any of the function or relation
symbols from L other than < to ±∞, and since we will never consider ±∞ as parameters.
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of M (with respect to a non-principal ultrafilter on N), and let c\ ∈ Mn
\ be the

image in M\ of the sequence of tuples ck. Let ϕ be the formula defining X and
put X\ := ϕ(M\). By Theorem 2.1, the ultrapower M\ is o-minimal, and hence
∂(X\)c\

is finite. Let α be its cardinality. By construction of the boundary and
endpoint functions, this means that both bα(c\) and lα(c\) must have infinite value.
But since these are definable functions, the same is true for almost all ck, implying
that almost every ∂Xck

consists of at most 2α points, contradiction. �

In view of the discussion immediately preceding the previous theorem, we can
now easily prove the following weak Cell Decomposition:

2.4. Corollary (Weak Cell Decomposition). For any definable subset X ⊆Mn+1,
there exist finitely many definable functions bi, li, ri : Mn

∞ → M∞, for i ≤ α, so
that X is defined by the formula

(1)
α∨
i=1

bi(z) = x ∨ (li(z) < x < ri(z))

in the free variables z = (z1, . . . , zn) and x. �

Here we take the convention that if one of these functions takes an infinite value,
we omit the corresponding condition. In particular, it is not hard to check that
the set of all z such that bi(z) = ±∞ (respectively, li(z) or ri(z) is infinite) is
definable. Therefore, we may apply the same analysis to each of these sets in Mn.
By induction, we get Cell Decomposition with respect to pre-cells (see below for the
precise definition). Pre-cells are based on definable functions, which in general fail
to be continuous. To rectify this, one then has to show that any definable function
is continuous on a dense open, definable subset (see Proposition 2.8 below), and use
induction once more on the complement containing all discontinuities to get true
Cell Decomposition. Let us define some notions now more carefully.

2.5. Definition (Cells). We will define inductively on n what constitutes a cell
C ⊆ Mn, and the weaker notion of pre-cell. Any such (pre-)cell will also have an
associated index, consisting of a binary sequence iC ∈ {0, 1}n. If n = 1, there is
no distinction between cells and pre-cells: those of index (0) are the singletons and
those of index (1) are the open intervals. Given i ∈ {0, 1}n, a pre-cell C with index
(i, 0) is any graph of a definable function f : D →M with domain a pre-cellD ⊆Mn

of index i. If f is moreover continuous on D and D itself is a cell, then we call C
a cell. A pre-cell C with index (i, 1) is any region bounded by definable functions
with domain a pre-cell of index i. More precisely, there exists a pre-cell D ⊆ Mn

with index i and definable functions f, g : D → M∞ such that f < g on D, and C
then consists of all points (z, x) such that z ∈ D and f(z) < x < g(z). If f and g
are both continuous and D is a cell, then we call C a cell. Put simply, a pre-cell is
given by a condition of the form f(z) �1 y �2 g(z), with f < g definable functions
on a pre-cell D, and with �i either no condition, equality, or strict inequality.

With this rigorous definition, we can now strengthen Corollary 2.4, by an easy
inductive argument:

2.6. Corollary. Any definable subset in an o-minimal structure is the finite disjoint
union of pre-cells. �
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The dimension of a (pre-)cell C is the norm |iC | of its index iC . We will not delve
into the rich dimension theory of o-minimal structures, but to just give the flavor
of the subject, let me mention one fact: a pre-cell C ⊆Mn has non-empty interior
if and only if its dimension is equal to n, and in case C is a cell, this is equivalent
with it being open. We now turn to the stronger result in which we can get cells
rather than just pre-cells. To aid our discussion, we impose one more condition,
namely that the o-minimal structure is locally compact. In the present case, this
means that any closed and bounded interval [a, b] is compact, whence satisfies the
finite intersection property for closed subsets. In particular, any descending chain
of non-empty closed intervals is again a non-empty closed interval. Note that any
expansion of the real closed field, the case of main interest, is locally compact, but
not so the dense linear ordering on Q. We leave it to the reader to verify that
if M is Dedekind complete, then it is locally compact. The assumption of local
compactness is not needed in the following result, but adding it makes for a shorter
proof.

2.7. Theorem. Let M be a locally compact, o-minimal structure. Any definable
function f : M →M has only finitely many discontinuities.

Proof. The set C(f) of all points x ∈M such that f is continuous at x is definable:
x lies in C(f) if and only if for every c, d with c < f(x) < d, there exist a, b with
a < x < b such that c < f(z) < d for every z ∈ ]a, b[ . Hence the complement of
C(f) is also definable, which therefore exists of finitely many points and finitely
many open intervals. So remains to exclude the latter, and to this end, it suffices to
show that f is continuous in at least one point in any closed interval [a, b] . There
are two cases to be considered. Either there is some open interval I ⊆ [a, b] such
that f(I) is finite, say, f(I) = {y1, . . . , yN}. Since I is the the disjoint union of
the preimages f−1(yk), and since each of these is definable, whence a finite union
of points and open intervals, at least one of these preimages must contain an open
interval, showing that f is constant whence continuous on that open interval. So
we may assume that no open interval has finite image.

We define inductively intervals In ⊆ [a, b] and Jn ⊆M as follows. Since f( [a, b] )
is definable and infinite, it contains some (bounded) open interval J1. Its preimage
f−1(J1) is also definable and infinite, so contains an open interval I1. Continuing
this way, we construct decreasing chains Jn ⊆ Jn−1 ⊆ · · · ⊆ J1 and In ⊆ In−1 ⊆
· · · ⊆ I1 ⊆ [a, b] of open intervals, by letting Jn+1 be some open interval inside
f(In) and In+1 some open interval in f−1(Jn+1) ∩ In (note that this intersection
is also infinite). Let I and J be the intersection of the closures all In and all Jn
respectively. By the finite intersection property, both are non-empty closed sets.
Since f(I) ⊆ f(In) ⊆ Jn, for all n, we have f(I) ⊆ J . We would like (1) both to
be singletons I = {x} and J = {y}, so that in particular f(x) = y, and (2), the Jn
to form a basis of open neighborhoods of y. From this it then easily follows that
f is continuous at x. To this end, we need to impose some form of convergence.
This is the easiest to do in the case of the reals. Then we just impose the extra
condition on each In and Jn that its length be at most 1/n. If x′ is a second point
in I, distinct from x, then |x− x′| > 1/n for some n, and hence x and x′ cannot
both belong to the closure of In, contradiction. To prove continuity, if U := ]c, d[ is
some open interval containing y = f(x), choose n such that |y − c| , |y − d| < 1/2n.
Since y ∈ Jn and Jn has length at most 1/n, we must have Jn ⊆ U , and hence
f(In) ⊆ Jn ⊆ U , proving continuity.
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For the general case, we need a transfinite argument. Put a0 := a and b0 := b
and I0 := ]a0, b0[ . We will define strictly increasing chains pα < pα+1 < . . . and
aα < aα+1 < . . . and strictly decreasing chains qα > qα+1 > . . . and bα > bα+1 >
. . . in M such that pα < qα and aα < bα. We put Iα := ]aα, bα[ and Jα := ]pα, qα[ ,
subject to the conditions that Jα+1 is inside f(Iα), and Iα+1 inside f−1(Jα+1). At
limit ordinals λ, we take the intersection of all the closures of the Jα for α < λ.
By compactness, this is a non-empty closed interval. If it is a singleton, we stop,
otherwise, we let Jλ be the interior of this interval. Since we cannot have a chain in
M strictly decreasing indefinitely, this process must stop at some limit ordinal λ,
yielding an element y in the intersection of the closures of all Jα with α < λ. If F is
the closed interval given as the intersection of the closures of the Iα for α < λ, then
since f(F ) ⊆ f(Iα) ⊆ Jα, we get f(F ) = {y}, and hence by our assumption on the
image of open intervals, F must also be a singleton, say F = {x}. In particular,
f(x) = y. We claim that f is continuous at x. Indeed, since the endpoints pα and qα
are strictly monotone sequences, y ∈ Jα, for all α < λ, and by the same argument
x ∈ Iα for all α < λ. Let U := ]c, d[ be an open interval containing y. Since the
intersection of all Jα for α < λ is equal to {y}, there must be some α < λ so that
c < pα and qα < d. It follows that Jα ⊆ U , and hence f(Iα) ⊆ Jα ⊆ U shows that
Iα is an open neighborhood of x mapping inside U , proving continuity. �

As already noted, the local compactness condition is not needed here (see [3,
Chapter 3, Theorem 1.2]), but just simplifies the proof. Without proof, we state
the following generalization to higher arities:

2.8. Proposition. Any definable function f : Mk → M in a locally compact, o-
minimal structure M is continuous on a dense open subset of Mk. �

With some extra effort, one easily shows that the domain of such a definable
function can be partioned into pre-cells on each of which it is continuous. By an
inductive argument, we may then refine this further to a partition into cells. The
type of discontinuity is also restricted by the o-minimality assumption. Namely,
given a function f : M →M , let us say that c ∈M is a jump discontinuity of f if
the left and right limit of f at c exist, but are different.

2.9. Corollary. In an o-minimal structure, the finitely many discontinuites of a
definable function are all jump discontinuities.

Proof. Let M be an o-minimal structure, c ∈ M , and f : M → M a definable
function. By duality, it suffices to show that the left limit limx→c− f(x) exists.
Define a function g with domain ]−∞, c[ by letting g(x) be the infimum of the
definable subset f( ]x, c[ ). Hence g is an increasing function with g(x) ≤ f(x).
Since g is definable, it has only finitely many discontinuities by Theorem 2.7, and
so we can find some d < c such that g is continuous on ]d, c[ , and by shrinking this
interval, we then may also assume f is continuous on this interval. Let a be the
supremum of the definable subset g( ]d, c[ ). I claim that a is the left limit of f at
c. Fix an open interval ]u, v[ around a. By definition of supremum, since u < a,
there must be y ∈ ]d, c[ such that u < g(y) ≤ a. Let x ∈ ]y, c[ . Since g is by
construction increasing and a is an upperbound, we have g(y) ≤ g(x) ≤ a, showing
that g maps ]y, c[ inside ]u, v[ . This already shows that a is the left limit of g at
c. Let A ⊆ ]d, c[ be the set of all x such that g(x) = f(x). By Lemma 1.4, it has
a supremum q. Suppose q < c. Since f and g are continuous on ]q, c[ , there is
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some b ∈M so that that g(x) < b < f(x) for all x in some open interval contained
in ]q, c[ . But then, for any q′ in this interval, the infimum of f( ]q′, c[ ), that is to
say, g(q′), would be at least b, contradiction. So c is the supremum of A and hence
there exists an open interval ]c′, c[ ⊆ A. Since f and g agree on this interval, a is
also the left limit of f . �

We conclude this section by observing that the uniformity result from Theo-
rem 2.3 can be used to prove Theorem 2.1, the path taken in most textbooks on
o-minimality:

Proof of Theorem 2.1 using Theorem 2.3. Let Y ⊆ N be a definable subset, say
given as Y = ϕ(b,N ), for ϕ ∈ Ln+1 and b ∈ Nn. Let α be the bound given by
Theorem 2.3 on the number of definably connected components of each fiber of
X := ϕ(M). Hence there is a sentence ψ expressing that every ∂(Xa) for a ∈ Mn

has size at most α. Hence ψ also holds in N , so that ∂Y must be finite, and so we
are done by Proposition 1.6.ii, since the Dedekind property stated in Lemma 1.4 is
first-order expressible, whence must also hold in N . �

3. Real closed fields

In this section, R := (R,+,−, ·;<; 0, 1) denotes the ordered field of the reals
in the language Lordfield of ordered fields (with signature as displayed). Tarski’s
quantifier elimination immediately yields:

3.1. Proposition. The ordered field of reals R is o-minimal.

Proof. By quantifier elimination (see Theorem 3.4 below), every (Lordfield-)formula
φ(x) in one free variables (with parameters) is equivalent to a quantifier free one, so
we may assume φ is already without quantifiers. By induction on the complexity of
the formula (the number of usages of the logical connectives and negation), we may
reduce to the case that φ(x) is an atomic formula. Since terms are polynomials,
and since we have additive inverses, the possible cases are P (x) = 0 or P (x) > 0,
with P ∈ R[x]. In the former case, there are only finitely many solutions, and in
the latter, the solution sets are certain intervals between the roots of P . �

This proof works for any ordered field admitting quantifier elimination, whence
in any ordered field that is elementary equivalent to R. So we proved a special
case of Theorem 2.1. To describe the class of ordered fields that are elementary
equivalent with R, we need a definition:

3.2. Definition. We say that an ordered field F = (F,+,−, ·;<; 0, 1) is real closed,
or has the Intermediate Value Theorem (IVT), if for every polynomial P (T ) ∈ F [T ]
in one variable and for all a < b with P (a) < 0 < P (b), there exists c ∈ ]a, b[ with
P (c) = 0.

The connection with o-minimality stems from:

3.3. Corollary. If the ordered field F = (F,+,−, ·;<; 0, 1) (or one of its expan-
sions) is o-minimal, then it is real closed.

Proof. Let P (T ) ∈ F [T ] be a polynomial in one variable and let a < b with
P (a) < 0 < P (b). Since P is definable and continuous, the image of ]a, b[ un-
der P is definably connected by Lemma 1.8, whence an interval by o-minimality.
In particular, it contains the open interval ]P (a), P (b)[ , whence 0. �
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The previous result already holds if F is just an ordered ring. Indeed, given a
nonzero a ∈ F , the ideal (a) generated by a is definable, whence a finite union of
intervals and points by o-minimality. It is then easy to see that (a) must be equal
to F = ]−∞,∞[ , showing that a is a unit, proving that F is a field. In fact, we
can even drop the condition that the ring be commutative: o-minimality also forces
this by Proposition 1.9.

Inspecting the proof of [1], the only property of the reals, beyond its order
properties, that was needed for the proof was the IVT, and so we may conclude:

3.4. Theorem. Any real closed field admits quantifier elimination. �

We can now state the main result on the models of Th(R):

3.5. Theorem. For a model F of the theory of ordered fields, the following are
equivalent:

(3.5.i) F is real closed;
(3.5.ii) every polynomial of odd degree and every polynomial of the form T 2−a

with a > 0 has a root in F ;
(3.5.iii)

√
−1 is not in F and F (

√
−1) is an algebraically closed field;

(3.5.iv) F is elementary equivalent with R;
(3.5.v) F is o-minimal.

Proof. Assume F is real closed and let P (T ) ∈ F [T ] be a polynomial, which we
may assume to be monic. If P has odd degree, then P (a) is negative for a→ −∞
and positive for a → ∞. By the IVT, P has a root. So suppose P is of the form
T 2 − q with q > 0. Hence P (0) < 0 and P (a) is positive for a→∞, showing once
more by IVT that it has a root.

Assume next that (3.5.ii) holds. Note that F has no odd degree extensions: if
F ⊆ K has odd degree, let P be a minimal polynomial of a generator u of K/F
(which always exists since we are in characteristic zero). But P is then irreducible of
odd degree, contradiction. Let us write i for

√
−1. Since the square of any element

in F is positive, i /∈ F , and F (i) is a quadratic extension of F . By completing the
square, any quadratic extension is given by a square root. Therefore, if F ⊆ Q is
a quadratic extension, say generated by a square root u of a ∈ F , then a must be
negative. Hence, −a has a square root b ∈ F and u = bi ∈ F (i). In conclusion, F
has a unique quadratic extension, to wit, F (i). I claim that F (i) has no quadratic
extensions. For if Q is such a quadratic extension, Q/F is Galois and hence the
Galois group of G/F has order 4. Since F has a unique quadratic extension, there
can be only one subgroup of index 2, ruling out the case that the Galois group
is Z/2Z ⊕ Z/2Z. Hence the Galois is cyclic, generated by an automorphism σ.
Since σ cannot fix i, we have σ(i) = −i and F (i) is the fixed field of σ2. Let u
generate Q over F (i) with u2 = a+ bi, for some a, b ∈ F . Hence σ(u)2 = a− bi and
(uσ(u))2 = a2 + b2. Since the latter is a positive element in F , we have uσ(u) ∈ F .
In particular, uσ(u) = σ3(uσ(u)) = σ3(u)u, showing that σ(u) = σ3(u), and hence
that u is fixed under σ2, whence lies in F (i), contradiction.

Assume now that F (i) is not algebraically closed, so that it admits a proper finite
Galois extension F (i) ⊂ L. Hence L/F is also Galois. By Lemma 3.6 below and
the fact that F has no odd degree extensions, its Galois group must be a 2-group.
Since the Galois group of L/F (i) is a subgroup, it is also a 2-group. By Lemma 3.6,
this contradicts the fact that F (i) has no quadratic extensions.
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Assume next that F (i) is algebraically closed, and let a < b such that P (a) <
0 < P (b), for some polynomial P . Since P has its coefficients in F , all its roots
u ∈ F (i) \ F must be conjugate. Since (T − u)(T − ū) = (T − p)2 + q2 is then
everywhere positive on F , where u = p + qi with p, q ∈ F , the sign of P (a) is
completely determined by the linear factors (T − v) of P with v ∈ F a root of P .
If a and b have opposite signs when evaluated in P , then they must have already
opposite signs for one such linear factor (T − v), proving that a < v < b. This
shows that the first three conditions are equivalent. The equivalence of the last two
follows from Corollary 3.3 and the remark after Proposition 3.1.

So remains to show that the first three conditions are equivalent with (3.5.iv).
If F ≡ R, then (3.5.ii) holds since it holds in R and we can express in a first order
way that every positive element has a square root, and that every polynomial of a
fixed odd degree has a root. So assume F is real closed, whence admits quantifier
elimination by Theorem 3.4. It suffices to show that the theory of real closed fields
is complete, and this will follow once we show that it has a prime model. Namely,
let A := Q̄ ∩ R be the field of real algebraic numbers (where Q̄ is the algebraic
closure of the rationals). It follows from characterization (3.5.ii) that A is real
closed. To show it can be embedded in F , we us Lemma 3.6 below to write A as a
chain A0 = Q ⊆ · · · ⊆ An ⊆ An+1 ⊆ · · · ⊆ A of algebraic extensions of degree pn,
with each pn either two or odd, and show that at each stage, we can extend the
embedding σn : An → F to an embedding σn+1 : An+1 → F . Note that any such
embedding must preserve the order, since a < b in A if and only if b− a is a square
in A. The image under such an embedding is then a square in F , whence positive
in F . So assume An ⊆ An+1 has prime degree p = pn, and let P ∈ An[T ] be its
minimal polynomial, so that An+1

∼= An[T ]/(P ). Write Pσn for the polynomial
obtained from P by applying σn to all its coefficients. By (3.5.ii), if p is odd, then
Pσn has a root u ∈ F , and if p = 2, then, after completing the square, we may
assume P (T ) = T 2 − a with a ∈ An. Since a has a square root in A ⊆ R, it must
be positive, and by our above observation, so must σn(a) be, showing that Pσn

also has a root u ∈ F . We can now extend σn by letting σn+1(T ) := u, yielding an
embedding σn+1 : An+1 → F . �

3.6. Lemma. Given a finite Galois extension K ⊆ L, its Galois group is either a
2-group, or there exists a subfield K ⊆ E ⊆ L such that (E : K) > 1 is odd. In
particular, there always exists an intermediate field E ! K of degree two or odd.

Proof. Let G be the Galois group of L/K and d = 2np its order, with p odd. If
n = 0 there is nothing to prove, so assume n > 1. Let H be a 2-Sylow group of G
(recall that this is a subgroup of order 2n). Since the index of H in G is p, its fixed
field LH is a degree p extension of K (recall that we have a Galois correspondence
between subgroups of index g and extensions of K inside L of degree g by taking
fixed fields). We are done if p > 1. In the remaining case, G = H is a 2-group.
The last assertion then follows by Galois correspondence since G has a subgroup of
index 2. Indeed, we may reason by induction on n. The center Z(G) is a non-trivial,
normal subgroup (this follows from counting the number of conjugacy classes) and
the quotient G/Z(G) is again a 2-group, hence by induction has a subgroup of index
2. Pulling the latter back to G then yields a subgroup of index 2 in G. �

Note that we in fact proved the fundamental theorem of algebra:

3.7. Corollary. The field of complex numbers is algebraically closed.
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Proof. Since C = R(i), the result follows from Theorem 3.5. �

For a weakening of condition (3.5.ii), see [2].

Failure of categoricty. In this section, we will show that there are in any cardinal,
non-isomorphic real closed fields, proving that R is not categorical (in no cardinal).
Let C be an algebraically closed field, and, as above, let i denote a square root of −1
in C. Let σ be an involution on C with σ(i) 6= i (whence, necessarily, σ(i) = −i),
and let R be the fixed field of σ. By Galois theory, C is a quadratic extension of R,
and hence C = R(i). Therefore, we will have proved that R ≡ R by (3.5.iii), once
we show that R is an ordered field. To this end, observe that for any a ∈ R, its
square root exists in C = R(i), that is to say,

√
a = c+ di for some c, d ∈ R. Hence

a = c2 − d2 + 2cdi, showing that cd = 0. It follows that either a or −a is a square
in R, but never both if a 6= 0 lest i ∈ R. Let P ⊆ R be the subset of all non-zero
squares in R. We showed that

(2) R \ {0} = P t −P.
We claim that P is the positive cone. Namely, if < is any total order on P , then
a > 0 whenever a ∈ P . But we really want the converse: to define an order relation
on R using P , by putting a < b if and only if b − a ∈ P . To check that this is an
order, we have to verify that P is closed under sums. To prove this, let us define
s(R) (called the Stufe–German for ‘level’) as the least number of non-zero squares
whose sum is −1 (with s(R) :=∞ if this never happens). Using that a2

1+· · ·+a2
t = 0

if and only if (a1/at)2 + · · · + (at−1/at)2 = −1, we see that s(R) + 1 is the least
number of non-zero squares whose sum is zero. By assumption, s > 1. We want
to show that s(R) = ∞, so assume it is finite, and let a2

1 + · · · + a2
s = −1 with

ai ∈ R. Assume first that s ≥ 3. Let p := a2
1 + · · · + as−2 and p′ := a2

s−1 + 1. If
either one would be in −P , then this would give s ≤ 2. So both must be in P by
(2), say, p = c2 and p′ = d2 for some c, d ∈ R. But then c2 + d2 = 0, contradicting
that s ≥ 2. So we showed that s = 2. Let N be the norm on C, defined as
N(z) := zσ(z). Since σ(N(z) = N(z), the map N : C× → R× is a morphism of
multiplicative groups. IN fact, if z = a+bi with a, b ∈ R, then N(z) = a2+b2. Since
s(R) = 2, there exists therefore z ∈ C with N(z) = −1. Let w be a square root of
z, so that −1 = N(z) = N(w)2, showing that ±i = N(w) ∈ R, contradiction. In
conclusion, s(R) =∞. Let Q be the subset of R consisting of all sums of non-zero
squares. It follows that Q ∩ (−Q) = ∅, since P ⊆ Q and −P ⊆ −Q, we get from
(2) that P = Q. The order on R is now canonically defined as a < b if and only if
b − a ∈ Q. We leave it as an exercise to show that this makes R into an ordered
field, and hence a real closed field by our above discussion. Together with the next
lemma and the fact that there are infinitely many, non-conjugate involutions on an
algebraically closed field that do not fix a given element, we showed that in any
cardinality, there are non-isomorphic real closed fields.

3.8. Lemma. Let C be an algebraically closed field. If σ and τ are two non-
conjugate involutions on C that do not fix i, then the respective fixed fields Cσ and
Cτ are non-isomorphic real closed fields.

Proof. Suppose α : Cσ → Cτ is an isomorphism. By the above discussion, i gener-
ates C over either field. Define α̃(a+ bi) := α(a) +α(b)i for a, b ∈ Cσ. It is easy to
check that α̃ is an automorphism on C and that α̃σ = τα̃, contradicting that the
two involutions were not conjugate. �
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