
ULTRAPRODUCTS OF NOETHERIAN LOCAL RINGS: PROPERTIES AND
APPLICATIONS

HANS SCHOUTENS

The present proposal is in part a continuation of the NSF Research ProposalDefinability,
Constructibility and Transfer(DMS-0100778/DMS-0302248 in the amount of $69,276;
project details are given in§4.3 and the introduction to§5). Whereas the latter proposal
was submitted via the division Foundations, in view of the underlying tools stemming from
model-theory, the present proposal is cast entirely in algebraic terms, and consequently, is
submitted via the division Algebra & Number Theory.

1. INTRODUCTION

Ultraproducts were introduced in model-theory to yield concrete forms of first-order
compactness and completeness, but they have made their occasional appearance in other
disciplines, to either construct new interesting objects or to transfer certain properties from
a family of objects into a single object. I applied them in this latter capacity to obtain
an alternative tight closure theory in equal characteristic zero [46], and solve some prob-
lems from algebraic geometry regarding rational singularities [48], and vanishing theorems
[49]. Whereas in these earlier papers ultraproducts of Noetherian rings only appear as an
instrument for transfer, the asymptotic results on homological conjectures from the papers
[43, 45] require a closer inspection of the algebraic properties of these ultraproducts. More-
over, in the paper [5], transfer does no longer follow from certain first-order definability
results as in the earlier papers, but has to be done by entirely algebraic means. With this
shift in point of view from model-theoretic to algebraic, came the realization that ultra-
products of Noetherian rings deserve to be studied as algebraic objects in their own right; a
view taken recently also by others [34, 35, 36]. The point of departure for such an analysis
is the fact that the local rings that occur as ultraproducts, although no longer Noetherian,
still have a finitely generated maximal ideal, and consequently, their completion is Noe-
therian. Therefore, the class of all local rings of finite embedding dimension, henceforth
denotedFin, becomes a natural setting to study these rings. Moreover, many notions tai-
lored to the study of Noetherian locals rings can be generalized toFin and give rise to a
rich local algebra. This in itself warrants a more thorough investigation ofFin. However,
it also became clear to me that having a better grasp on the local algebra of ultraproducts
will lead to improved results in applications. I will now present both aspects in more detail,
starting with the applications first.

Tight closure was introduced in [21] by Hochster and Huneke in order to formalize
several characteristicp arguments involving the Frobenius map. Using reduction mod-
ulo p, they extended in [24] the definition to equal characteristic zero. The applications
are quite impressive, especially in positive characteristic (see [26] for a survey). To cir-
cumvent certain problems in the description of F-singularities caused by the reduction
process, I proposed in [46] an alternative construction in equal characteristic zero using
ultra-Frobenius. All what is needed for this construction to work is that the ring can be
embedded (in a faithfully flat way) into an ultraproduct of rings of positive characteristic.
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In [5], we showed that any equal characteristic zero Noetherian local ring has this prop-
erty. So remains to check how much of the positive characteristic theory of F-singularities
carries over to characteristic zero by this method. This is the content of§5.

The first homological conjectures, on intersection theory, were introduced by Serre in
his book [54]. Expanding on these, Auslander, Bass, Peskine-Szpiro and Hochster formu-
lated several more of these conjectures (see for instance [10, 18, 61]). Many of these are
now proven in equal characteristic, with the most accessible proofs either via big Cohen-
Macaulay modules or via tight closure, but only a few partial results [37, 16] are known in
mixed characteristic. In [33], the authors attempted to prove the existence of big Cohen-
Macaulay modules in mixed characteristic for sufficiently large residual characteristic us-
ing ultraproducts, but they soon abandoned this path because of little progress. However,
my results in [43, 45] suggest that they relinquished the method prematurely: although
their approach might not yield the existence of big Cohen-Macaulay modules, some ves-
tige of it leads to results valid for sufficiently large residual characteristic. I will refer to
these types of results asasymptotic, in the sense that they hold provided the characteristic
of the residue field is sufficiently big (depending on certain invariants associated to the
problem). An asymptotic version of a homological conjecture would become the more
important if its full counterpart happens to fail. Put differently, an asymptotic version tells
us that a counterexample will not just arise from the mere absence of a coefficient field, but
results from a subtle interplay between residual characteristic (or ramification) and other
invariants.

Another application is the deduction of uniform bounds using ultraproducts, a method
already successfully applied by others [2, 3, 4, 39, 40] and myself [41, 42]. Ultraproducts
also will be used to topologize the space of all Noetherian local rings. In fact, I will endow
this space with a complete metric. Roughly speaking, the metric measures in how far
infinitesimal neighborhoods agree. Analysis of this space has many benefits, one of which
is that it provides a good formalism for the transfers results via ultraproducts (see§7).

I now turn to the part of this proposal concerned with algebraic properties of ultraprod-
ucts. Let us denote the class of all Noetherian local rings byNoe (where we identify two
rings if they are isomorphic). We can identifyNoe with the class of all germs(X, x)
whereX is a Noetherian scheme andx a point of X, by associating to each germ its
local ringOX,x. From this point of view,Noe is the class of allsingularities. As al-
ready mentioned, completion gives a functor fromFin to Noe, and a natural question
is to describe the inverse of certain well-behaved subclasses ofNoe (such as regular or
Cohen-Macaulay local rings) under this functor. Note, however, that the natural map into
the completion need no longer be flat. Of crucial importance is having a good substitute
for Krull dimension. The dimension of the completion is a primary candidate, but others
are proposed as well. Homological methods can also be used to further investigateFin.
The most important subclass for our purposes consists of those rings inFin that arise as an
ultraproduct of Noetherian rings. We study the behavior of subclasses ofNoe under the
ultraproduct operation by comparing them with properties inFin induced by completion.

2. LOCAL ALGEBRA ON THE CLASSFin

In this proposal,R will always denote alocal (commutative) ring (Noetherian or not)
with a unique maximal idealm. Moreover, we will always assume thatm is finitely gen-
erated. The class of all suchR is denotedFin. The ideal of infinitesimalsof R is the
intersection of allmn and is denotedIR. The residue ringR/IR is called theseparated
quotientof R and is denoted̃R. The following fact will play a pivotal role:
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Fact 1. The (m-adic) completionR̂ of R is Noetherian.

Let us therefore, say thatR is cata-P if its completion has propertyP, whereP is some
property of Noetherian local rings (often identified with the subset ofNoe of all rings
satisfying this property). Hence Fact 1 just states that any ring inFin is cata-Noetherian.
To study various ‘cata-singularities’ (see Problem 3 below), we need a good notion of di-
mension (in general, the Krull dimension will be infinite). Extending the previous nomen-
clature to include invariants, we define thecata-dimensionof R as the Krull dimension of
its completion. It follows thatR and its separated quotient have the same cata-dimension.

Fact 2. The cata-dimension ofR is the least number of elements needed to generate some
m-primary ideal.

Can we give other characterizations of cata-dimension? To this end we will introduce
some further dimension notions. An idealI is calledn-generated, if it is generated byn el-
ements; it is calledn-related, if it is of the form(J : a) with J ann-generated ideal. Given
idealsJ ⊆ p with p prime, we say thatp is anassociatedprime ofJ if p is of the form
(J : a); aminimalprime ofJ if no prime ideal is properly contained betweenJ andp; and
aminimal associatedprime ofJ if it is associated and no associated prime ofJ is properly
contained betweenJ andp. Denote the subsets ofSpec(R) of all minimal, associated
and minimal associated primes (of the zero ideal) respectively byMin(R), Ass(R) and
MinAss(R). Define thepi-dimensionof R to be the minimald such thatm is a minimal
associated prime of ad-generated ideal. By Fact 2, the cata-dimension ofR is the minimal
d such thatm is a minimal prime of ad-generated ideal. Hence the pi-dimension ofR is
less than or equal to its cata-dimension, whence in particular is finite. We callR isodi-
mensionalif this inequality is an equality. By Krull’s Principal Ideal theorem, Noetherian
local rings are isodimensional. Fact 4 below yields a criterion for isodimensionality for
ultraproducts of Noetherian local rings, but I would be very interested in a criterion valid
for all rings inFin. Two further dimensions are combinatorial in nature. LetClspec(R)
(respectively,Frspec(R)) be the subset ofSpec(R) consisting of allm-adically closed (re-
spectively, finitely related) prime ideals. IfR ∈ Noe, then both subsets coincide with
Spec(R), but if R /∈ Noe, then their intersection can be just the maximal ideal. We will
give a partial answer to the next problem in Corollary 1.

Problem 1. How do the combinatorial dimensions ofClspec(R) andFrspec(R) compare
with the cata-dimension and pi-dimension ofR?

The next fact shows that in some sense,Fin is more flexible thanNoe: given any three
natural numbersr ≤ d ≤ n, there existsR ∈ Fin whose depth equalsr, cata-dimension
equalsd and embedding dimension equalsn. Note that for instance the configuration
r < d = n cannot occur inNoe. Recently, there has been an interest [34, 35, 36] in
studying the prime spectrumSpec(R) whenR is an ultraproduct of Noetherian rings. For
R arbitrary, this might be an impossible task, but presumably the subsetsFrspec(R) and
Clspec(R) are more accessible. In that respect I ask (see also Problem 5 below):

Problem 2. Can we describeMin(R), MinAss(R) andAss(R)? When are these finite?
When are they contained inFrspec(R)?

We call a sequencex in R a system of cata-parametersif its image inR̂ is a system of
parameters. By Fact 2, this is equivalent withx having length equal to the cata-dimension
of R and generating anm-primary ideal. We will discuss homological conjectures for
Noetherian rings in§6.1 below, but we might as well ask which homological conjectures
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remain true (with the appropriate modifications) inFin? Here is an easy example (see
§4.1 for the precise conditions under whichR is cata-equicharacteristic, that is to say, its
completion has equal characteristic):

Theorem 1(Monomial Theorem). SupposeR is cata-equicharacteristic of cata-dimension
d and letx be a system of cata-parameters inR. If ν0, . . . , νs ∈ Nd are such thatXν0 does
not belong to the monomial ideal inZ[X] generated byXν1 , . . . , Xνs , for X a d-tuple of
indeterminates, thenxν0 does not lie in the ideal inR generated byxν1 , . . .xνs .

However, it is not clear how to deduce the Direct Summand conjecture from this. As
will become clear, it is of interest to give intrinsic characterizations of ‘cata-singularities’
in terms of the dimensions defined above and possibly other invariants, such as depth (note
that the depth ofR can be different from the depth of̂R).

Problem 3. Give criteria forR to be cata-regular, cata-Gorenstein, cata-Cohen-Macaulay,
etc., without referring to its completion.

How do these properties compare with the analogues of their homological definitions
in Noe? Since a cata-regular local ring need not be a domain, the situation will be more
complicated than inNoe. What can we say aboutR when its (weak) global dimension
is finite, or when its residue field has finite projective dimension, or when its injective
dimension is finite? How do these notions compare with others from the literature? For
instance in [43, Corollary 11.5], I link this in a special case to the notion of acoherent
regular ring in the sense of [7].

3. ULTRAPRODUCTS

Given a family of local ringsRn indexed by an infinite set endowed with a countably
incomplete, non-principal ultrafilter (which always exist and never needs to be specified),
theultraproductR of theRn is the quotient of the product

∏
Rn modulo the ideal of all

sequences(an) almost allof whose entries are zero (that is to say, the subset of indices
n such thatan = 0 belongs to the ultrafilter). We refer to theRn ascomponentsof R,
in spite of the fact that they are not uniquely determined byR. On occasion, we also will
take ultraproducts of other types of objectsBn (such as elements, ideals, functions, etc.)
and refer again to theBn as components. Letρ be a numerical invariant. We say thatρ
is bounded(in Rn) if there is someN such that almost allρ(Rn) ≤ N ; otherwise we say
thatρ is unbounded.

For the remainder of this section,Rn ∈ Noe of bounded embedding dimension andR
is their ultraproduct. By Łos’ Theorem,R ∈ Fin. Theseparated ultraproductof theRn is
by definition the separated quotient ofR, and is denoted̃R. An important property of ultra-
products is that they are quasi-complete. Therefore,R̃ is equal to the completion ofR and
hence Noetherian by Fact 1. Ultraproducts are powerful tools to transfer properties from a
class of rings to a new ring (which might even have different characteristic, see§4.1). The
exact extent of this transfer is given by Łos’ Theorem, a model-theoretic statement about
preservation of first-order definability under ultraproducts: ifσ is a first-order sentence
(involving polynomial equations and their negation in finitely many quantified variables),
thenσ holds inR if, and only if, it holds in almost allRn. Examples of first-order definable
properties are being a domain or being local. Consequently, an ultraproduct of domains
(local rings) is again a domain (a local ring). A major obstruction in developing a local
algebra for ultraproducts of Noetherian rings is the fact that the Noetherian property is not
first-order definable. Hence we are lead to make the following definitions. LetP be a
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subclass ofNoe (in other words, a property of Noetherian local rings). We say thatR is
ultra-P if almost allRn ∈ P (and thus,R is calledultra-Noetherian). Let us writeu(P)
(respectively,c(P)) for the class of all ultra-P (respectively, cata-P) local rings. Although
c(P) ∩ c(−P) = ∅, it can happen thatu(P) ∩ u(−P) is non-empty, since a prioriR can
be realized as an ultraproduct of two different sets of local rings. An example of this is the
propertyP ‘having characteristic zero’. The ultraproduct of the ring ofp-adic integersZp

for all p is ultra-P, but by the Ax-Kochen-Ershov theorem [6, 11, 12], this ring can also
be realized as the ultraproduct of non-P local rings, to wit, theFp[[t]], wheret is a single
variable andFp is thep element field. Is there a general criterion which guarantees that
u(P) ∩ u(−P) = ∅?

We can now study for various propertiesP the relationship betweenu(P) andc(P). In
particular, an inclusionu(P) ⊆ c(P) means thatP is closed under separated ultraproducts
of bounded embedding dimension. The following example is not hard to prove, and was
first observed in [65, Corollary 1.14]:

Fact 3. An ultra-regular local ring is cata-regular.

Without an additional assumption, the converse may fail: the separated ultraproduct
of the Rn := K[[t]]/tnK[[t]] is equal toK∞[[t]], whereK∞ is the ultrapower ofK.
One verifies that hereR has pi-dimension zero, since pi-dimension is first-order definable,
whereas its cata-dimension is clearly one. In other words,R is not isodimensional, and this
is precisely the reason why the converse of Fact 3 fails. Hence we need a good criterion
for an ultra-Noetherian local ring to be isodimensional. It suffices that the ultraproduct
of a system of parametersxn in eachRn gives rise to a system of cata-parameters in
R, and this will be the case if, and only if, theRn/xnRn have bounded length. This
makes theparameter degree(=the minimal co-length of a parameter ideal) an essential
invariant for our purposes. Note that the multiplicity of a Noetherian local ring is at most
its parameter degree with equality if, and only if, the ring is Cohen-Macaulay (assuming an
infinite residue field for the converse; see [51,§3] for more details). We get the following
criterion, which is essentially [33, Theorem 2.7]:

Fact 4. An ultra-Noetherian local ring is isodimensional if, and only if, the parameter
degrees of its components are bounded.

Related to the characterization of cata-singularities (Problem 3), is the corresponding
question for ultra-singularities.

Problem 4. Give a characterization for an ultra-Noetherian local ring to be ultra-Cohen-
Macaulay or ultra-Gorenstein (without directly referring to its components). Are such
rings cata-Cohen-Macaulay (respectively, cata-Gorenstein)? What about the converse?

The contra-variant functor associating to a ring its associated scheme does not commute
with the ultraproduct construction. In fact, the ultraproduct of the schemesSpec(Rn) is
equal toFrspec(R), which explains why it was introduced above. Since pi-dimension
is first-order definable, the pi-dimension ofR equals itsultra-dimensionand we get the
following partial answer to Problem 1.

Corollary 1. The pi-dimension ofR is equal to the combinatorial dimension ofFrspec(R).

4. TRANSFER

As already mentioned, one of the main motivations for using ultraproducts is the abil-
ity to transfer properties from one characteristic to another. In Theorem 6 below, I will
formulate a precise criterion.
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4.1. Transitions in characteristic. In this section,p is a prime number. We say that a
local ring(R,m) has characteristic(o, ō), if R has characteristico and its residue field has
characteristic̄o. The main three cases are the twoequal characteristiccases(0, 0) and
(p, p) and themixed characteristiccase(0, p). In the mixed characteristic case, we call
the ramification indexof R the largestN for which p ∈ mN . There are essentially three
ways in which the characteristic changes, and in each case the ultraproductR of theRw is
cata-equicharacteristic (i.e., the separated ultraproductR̃ has equal characteristic).

(p, p) → (0, 0): If the Rw have equal characteristicp with p unbounded, thenR
andR̃ have equal characteristic zero.

(0, p) → (0, 0): If the Rw have mixed characteristic(0, p) with p unbounded, then
R andR̃ have equal characteristic zero.

(0, p) → (p, p): If the Rw have mixed characteristic(0, p) with p fixed but their
ramification index is unbounded, thenR has characteristic(0, p) whereasR̃ has
equal characteristicp.

4.2. Asymptotic properties. One of the main applications of the current proposal is a
partial or asymptotic solution of the homological conjectures in mixed characteristic (see
§6.1). We need some terminology. LetP be a subset ofNoe andρ : Noe → Γ a function
into a partially ordered setΓ. In the applications,P will be the collection of all Noetherian
local rings satisfying some property (e.g., the Monomial Conjecture) andρ will be a tuple
of numerical invariants (e.g.,ρ = (dim,pardeg) : Noe → N2). We will say thatP is
residually asymptotical(respectively,ramificationally asymptotical) with respect toρ if
there exists a functionN : Γ → N with the property that every Noetherian local ringR
of characteristic(0, p) lies inP, providedp (respectively, its ramification index) is at least
N(ρ(R)). In all cases of interest,Γ is a Cartesian power ofN with the partial order≤ given
component-wise, and it is more natural (but equivalent) to require then that ifρ(R) ≤ a
for somea ∈ Γ, thenR ∈ P providedp or the ramification index ofR is at leastN(a).
We say thatP is asymptotical(or that the defining property ofP holds asymptotically)
with respect toρ if it is both residually and ramificationally asymptotical. Often, also
ideals or other algebraic objects defined overR are involved, and we adjust the definition
accordingly. Let me illustrate this generalized usage by means of an example:

Theorem 2. The class of triples(R,S, I) with R regular,S a finite extension ofR andI
an ideal ofR such thatIS ∩R = I, is asymptotical with respect to the function assigning
to (R,S, I) the triple(d,m, e) whered is the dimension ofR, wherem is the degree of the
extensionR ⊆ S and wheree is the length ofR/I.

We can think of Theorem 2 as a weak version of the Direct Summand conjecture (which
claims that ifR is regular, thenIS ∩ R = I for all I andS as above). In [43, 45], I
showed that many homological conjectures are residually asymptotic on the class of finitely
generated algebras over a discrete valuation ring with respect to invariants given primarily
in terms of the degrees of polynomials defining the data. One of the goals of the present
proposal is to improve these results, so that they are valid for all Noetherian local rings and
are phrased in terms of more natural invariants (such as dimension or multiplicity).

4.3. Uniform bounds. In previous research [41, 42], I have been using ultraproducts in
order to obtain uniform bounds, inspired by the methods of [39, 40]. This in turn was used
in the NSF projectTransfer, Definability and Constructibilityto establish the first-order
definability of various properties, and then, using ultraproducts again, to transfer them
from one characteristic to another. In this way, alternative proofs of the Briançon-Skoda
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theorem in [47] and a theorem of Ein-Lazardsfeld-Smith on symbolic powers in [44] were
obtained. The establishment of uniform bounds in itself is of interest as well, and some
recent results that use ultraproducts can be found in [2, 3, 4, 52, 53]. Let me illustrate the
way in which ultraproducts enter in this type of questions. LetP ⊆ Noe and letρ be an
invariant onNoe. If every ultra-P ring has finite ultra-ρ value, then theρ value of members
of P is uniformly bounded in terms of their embedding dimension. For instance, a classP
for which all ultra-P rings are coherent (e.g.,P equals the class of all discrete valuation
rings), has uniform bounds on the number of generators of syzygies and of intersections of
ideals. Given that we can satisfactorily answer Problem 2 for ultra-Noetherian rings, we
should be able to answer the next question:

Problem 5. Is there a bound on the number of minimal primes (associated primes) of a
Noetherian local ring, depending only on its parameter degree and dimension? Are there
uniform bounds on their number of generators?

5. NON-STANDARD TIGHT CLOSURE

In this section, we will exploit the transition scheme(p, p) → (0, 0). In my previous
NSF research, I introduced an alternative tight closure operation in equal characteristic
zero. LetA ∈ Noe have equal characteristic zero. Suppose there exists a faithfully flat
extensionA → R whereR is aLefschetzring, that is to say, an ultra-Noetherian local ring
R whose components have positive characteristic. OnR, we have theultra-FrobeniusF∞,
given as the ultraproduct of the Frobenii on the components. ProvidedR exists, we can
now mimic onA the usual functional definition of tight closure as follows. Given an ideal
I ⊆ A and an elementz ∈ A, we say thatz lies in thenon-standard tight closureof I, if for
somec ∈ A not contained in a minimal prime ofA and for all sufficiently largem, we have
thatcFm

∞(z) lies in the idealFm
∞(I)R of R generated by allFm

∞(a) with a ∈ I. In [46], I
showed that every (not necessarily local) algebra of finite type over an algebraically closed
field of characteristic zero admits a (canonical) faithfully flat Lefschetz extension. In [5],
we showed that in fact anyA ∈ Noe admits such an extension, which is still functorial,
albeit no longer canonical.

In the remainder of this sectionA → R is a faithfully flat homomorphism withA ∈
Noe andR an ultra-Noetherian Lefschetz ring. Since any component ofR admits a big
Cohen-Macaulay algebra (via absolute integral closure) by [22], taking ultraproducts yields
a big Cohen-Macaulay algebra forA in equal characteristic zero [48]. Although the con-
structions of tight closure and big Cohen-Macaulay algebras can be carried out in character-
istic zero by the usual reduction techniques (see [24, 23]), mine appear to be more versatile,
especially with regard to pure descent. So is there no need to introduce the ‘type’ version of
an F-singularity (which does not behave well under pure descent) to characterize the cor-
responding singularity in characteristic zero. Consequently, in [48], I obtained a sharper
version of [8, 29]:a quotient singularity is log-terminal whenever it is Q-Gorenstein, and
in [49], I proved some conjectures of Smith from [60] on Kawamata-Viehweg vanishing
for quotients of Fano varieties. Using the general methods from [5], I intend to generalize
these results to solve Conjectures 1 and 2 below. Before I state these, I should also men-
tion a variant of non-standard tight closure, which has been very useful. Thegeneric tight
closureof an idealI ⊆ A is the contraction toA of the ultra-tight closure ofIR, where,
following our terminology scheme, theultra-tight closureof IR is the ultraproduct of the
tight closures of its components. For some more variants, see§6.2 below. Another topic
that will be looked at is the existence of test elements for non-standard tight closure and
properties of the test ideal analogue to the results in [27, 32].
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5.1. Rational singularities. Although originally defined using resolution of singularities,
Lipman and Teissier provided in [31] a characteristic free generalization of rational singu-
larity, calledpseudo-rational singularity. In [5], we postulated the following conjecture.

Conjecture 1. LetA → B be a local homomorphism of Noetherian local rings containing
Q. If B is regular andA → B is cyclically pure (meaning thatI = IB∩A for every ideal
I ⊆ A), thenA is pseudo-rational. IfA is moreover aQ-Gorenstein homomorphic image
of an excellent regular local ring, then it has at most log-terminal singularities.

5.2. Strategy for proving Conjecture 1. The notion of log-terminal singularities requires
the existence of an embedded resolution of singularities, which under the additional as-
sumptions exists by [17]. The first part of the conjecture follows by the usual arguments
once we show that ifA is generically F-rational(meaning that some parameter ideal ofA
is equal to its generic tight closure), thenA is pseudo-rational. Smith shows in [58], that in
prime characteristic pseudo-rationality is equivalent with the top local cohomology being
Frobenius simple. However, in order to copy this argument for the ultra-Frobenius, we
have to work with thelocal ultra-cohomologyH•

∞(R) of R (i.e., the ultraproduct of the
local cohomology of the components ofR) and compare this with the local cohomology
of A. The local cohomology ofA can be calculated with aid of̌Cech cohomology, which
involves various localizations of the formAf . The correspondinǧCech ultra-cohomology
is then computed in terms of the ultraproductsRf∞ of the localizations of the components
of R at the corresponding components off .

To solve the second part, let us call a domainA ultra-F-regular, if for every non-zero
c ∈ A, there is some (possibly infinite) ultraproductε of positive integers, such that the
morphismcFε

∞ : A → R is pure. SupposeA is moreoverQ-Gorenstein (this means that
some positive multiple of the canonical divisorKA onX := Spec A is Cartier) and admits
an embedded resolution of singularities. In order to prove thatA has log-terminal singular-
ities, it suffices by [29] to show that its canonical coverA′ has rational singularities. Here
thecanonical coverA′ of A is by definition the ring of global sections of⊕r−1

i=1OX(iKA),
wherer is theindexof A, that is to say, the least positive integer for whichrKA is Cartier.
In view of our previous claims, it would therefore suffice to show thatA′ is generically
F-rational. However,A being generically F-rational does not imply this property forA′. A
similar obstruction was encountered in [49] where the affine version of the second part of
Conjecture 1 was proved. Since ultra-F-regularity implies generic F-rationality, it suffices
to show that a cyclically pure subring of a regular local ring is ultra-F-regular, and that
this property is inherited by the canonical cover. A key property of the canonical cover in
proving the latter claim is that it iśetale in codimension one, and therefore, we may be able
to copy Smith’s argument in [60] (see also [59, Theorem 4.15]).

5.3. Kawamata-Viehweg vanishing.Let X be a connected projective variety realized
as the Proj of a finitely generated gradedS-algebra, whereQ ⊆ S is an excellent local
ring sitting in degree zero, and letA be the localization of thisS-algebra at the irrelevant
ideal (note thatS andA are not uniquely determined byX). The argument in [49], which
proves the next conjecture forS an algebraically closed field, relies mainly on properties
of the action of ultra-Frobenius on ultra-cohomology, and therefore should carry over.
This conjecture entails that any GIT quotient of a Fano variety admits Kawamata-Viehweg
vanishing.

Conjecture 2. LetL be a numerically effective line bundle onX. If A is ultra-F-regular,
then Kawamata-Viehweg vanishing holds forL, that is to say, the higher sheaf cohomology
Hi(X,L) ofL vanishes, and if in additionL is big,Hi(X,L−1) vanishes fori < dim X.
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Moreover, ifX is Fano, then we may chooseA so that it is ultra-F-regular.

5.4. Singularities of pairs. In birational geometry,singularities of pairs(A,∆) play an
important role, where∆ is someQ-divisor on a normal ringA. Since the definition re-
quires log-resolutions, singularities of pairs are essentially defined in characteristic zero,
but by reduction modulop, they also make sense in large positive characteristic. In [15],
the authors introduced various concepts ofF-singularity of pairsfor these reductions and
show that they imply their classical counterparts. This is strengthened in [64], where the
equivalence of strongly F-regular pairs and klt (=Kawamata log-terminal) pairs is shown.
The study of the non-standard analogues of these results is desirable because the result-
ing characterizations will behave better under GIT quotients. A related issue is to find a
non-standard tight closure proof of (strong) Kodaira vanishing, similar to the arguments in
[14, 28].

6. MIXED CHARACTERISTIC

6.1. Asymptotic Homological Conjectures. I will use the terminology introduced in§4.2
to state some conjectures in mixed characteristic. The strategy to prove them is to use the
results on cata- and ultra-singularities formulated in§2 and§3, and show that Theorem 6
(or one of its variants) applies.

Conjecture 3 (Asymptotic Hochster-Roberts). Let P be the class of pairs(R,S) such
that if S is regular and cyclically pure overR, thenR is Cohen-Macaulay. ThenP is
asymptotic with respect to the dimension and the parameter degree ofR andS.

Recall from§4.2 that this means that there exists for each pair(d, e), a boundN :=
N(d, e) with the following property. IfR → S is a cyclically pure homomorphism be-
tween Noetherian local rings of mixed characteristic(0, p) whose dimension and parameter
degree is bounded respectively byd ande, and ifS is regular, thenR is Cohen-Macaulay,
provided eitherp or the ramification index ofR is at leastN . Using ultra-solid closure and
the existence of big Cohen-Macaulay algebras in dimension three proven by Hochster in
[20], I showed in [50, Theorem 4.6] that the ramificational case is true if we require more-
over thatR has dimension three (butS can have dimension≤ d). So the next case to study
is the residual case withR of dimension three. In view of Conjecture 1, it is reasonable to
assume that, asymptotically, the singularities ofR must even be nicer.

Conjecture 4 (Asymptotic Monomial Conjecture). LetP be the class of pairs(R,x) with
x := (x1, . . . , xd) a system of parameters inR, such that(x1 · · ·xd)t+1 does not lie in
(xt

1, . . . , x
t
d)R, for anyt. ThenP is asymptotic with respect to the dimension ofR and the

length ofR/xR.

Conjecture 4 will follow from Theorem 1 provided we can prove the next conjecture
(see§5.2 for the definition of local ultra-cohomology).

Conjecture 5. If R is ultra-Noetherian and isodimensional of cata-dimensiond, then the
natural mapHd

m(R) → Hd
∞(R) is injective.

Conjecture 6 (Asymptotic Improved New Intersection). Let P be the class of all pairs
(R,F•) with F• a finite complex of finitely generated freeR-modules such that ifHi(F•),
for i > 0, has length at mostl and H0(F•) has a minimal generator generating a sub-
module of length at mostl, then the complex has length at leastdim(R). The classP is
asymptotic with respect to the dimension ofR, the ranks of the modules inF• andl.
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6.2. Ultra-solid tight closure. Led by the success with which tight closure proves all the
homological conjectures in equal characteristic, Hochster has asked for an analogue theory
in mixed characteristic. He himself proposedsolid closurein [19] (which is defined in all
characteristics but fails to have the intended behavior in equal characteristic zero by [38]),
and this was refined by Brenner in [9], giving birth toparasolid closure. In the preprint
[50], I use ultraproducts to study the asymptotic behavior of these closure operations. Let
R be a cata-equicharacteristic ultra-Noetherian local ring whose components have mixed
characteristic (see§4.1). Define theultra-solid closure(respectively, thecata-tight closure)
of a finitely generated idealI ⊆ R as the ultraproduct of the solid closure of its components
(respectively, as the contraction toR of the (generic) tight closure ofIR̃). The next result
shows the relationship between these two notions; the second part uses [57].

Theorem 3. If R is a domain, then the ultra-solid closure of an idealI ⊆ R is contained
in its cata-tight closure. We have equality whenR̃ is a domain andI is generated by a
system of cata-parameters.

Using this, which asymptotic properties of solid closure can be derived? And how
can they be used to deduce ‘pure’ asymptotic results? For example, using a theorem of
Aberbach and Huneke in [1], I obtain the following improvement of the Briançon-Skoda
theorem of [30].

Theorem 4 (Asymptotic Briançon-Skoda in mixed characteristic). Let P be the class of
pairs(R, I, J) with R regular andJ a reduction ofI, such that the integral closure ofId is
contained inaI, wherea is thecoefficient idealsatisfyingaJ = aI. ThenP is asymptotic
with respect to the dimensiond of R and the co-length ofJ .

7. SINGULARITY SPACE

A first obstruction in studyingNoe in its entirety is the fact that it is not a set. There
are several ways to circumvent this problem. One could look at afragmentof Noe, con-
sisting of all Noetherian local rings of bounded cardinality or having a fixed residue field.
However, a more interesting way is given by introducing an equivalence relation onNoe
which is weaker than isomorphism, so that the quotient becomes a set. Our choice of
weaker equivalence relation will be prompted by the metric we want to put onNoe.

7.1. Approximation metric. Define then-th infinitesimal neighborhoodof a local ring
(R,m) to be the residue ringR/n := R/mn. Define a semi-metricδ on Noe by putting
δ(R,S) ≤ 2−n if, and only if, R/n ∼= S/n. It is easy to see thatδ is a non-archimedean
semi-metric onNoe andδ(R,S) = 0 if, and only if, R̂ ∼= Ŝ. Henceδ induces a metric on
the subclass of all complete Noetherian local rings. In view of this, it is natural to identify
two rings inNoe if they have the same completion. Hence, on the level of germs, our
identification is compatible with the etale topology. However, after this identification we
still have a proper class. Since we will not be interested in arithmetic properties, a base
change to the algebraic closure of the field of definition will also be considered innocuous.
As we need to work with ultraproducts, we would also like to identify a Noetherian local
ring with any of its separated ultrapowers. To take all these considerations into account,
I call a local homomorphismR → S of local rings(R,m) and(S, n) a scalar extension
if R → S is faithfully flat with trivial closed fiber (that is to say,n = mS). In particular,
completions and ultrapowers of Noetherian local rings yield scalar extensions. By [13,
0III 10.3.1], if R ∈ Noe has residue fieldk and l is a field extension ofk, then there
exists a scalar extensionR → S with the residue field ofS equal tol. Call two rings

C–10



R,S ∈ Noe similar, if they admit a common scalar extension inNoe. Let [Noe] be the
quotient ofNoe consisting of all similarity classes[R]. One shows that[Noe] is a set.
Similarity commutes with separated ultraproducts of bounded embedding dimension and
δ extends to a metric on[Noe] by the rule thatδ([R], [S]) ≤ 2−n if, and only if,R/n and
S/n are similar.

Fact 5. Thesingularity space[Noe] is complete.

In the sequel, I will often confound a ringR with its similarity class[R], and in partic-
ular, pretend thatNoe is a set. It might be possible to prove thatNoe is quasi-complete
(but not Haussdorf) using inverse limits. Nonetheless, Fact 5 is most easily proved using
ultraproducts: the limit is given by the separated ultraproduct. Therefore, taking separated
ultraproducts of bounded embedding dimension extends the notion of (inverse) limit since
it can be applied to any sequence, not just a Cauchy sequence. The following criterion
follows readily:

Theorem 5 (Closedness criterion). Let V ⊆ W ⊆ [Noe]. For V to be closed inW (in
the induced topology), it suffices that for allRn ∈ V whose separated ultrapower̃R lies
insideW, we haveR̃ ∈ V.

There is a corresponding closedness criterion for subsetsV of Noe, at least for subsets
that are invariant under scalar extensions (meaning thatR belongs toV if, and only if, S
does, for any scalar extensionR → S). Theorem 5 suggests a weaker topology on[Noe]:
let us say that a subsetV ⊆ [Noe] is su-closedif it is closed under separated ultraproducts
of bounded embedding dimension. If we viewV merely as a subset ofNoe, we also
have to require that it is invariant under scalar extensions, and hence is obtained as the
inverse image of an su-closed subset of[Noe]. Theorem 5 states that an su-closed subset
is closed. Combining this with our discussion on transfer in§4.1, we can formulate the
following asymptotic transfer criterion:

Theorem 6 (Asymptotic Transfer). Let U be an su-open subset ofNoe (that is to say,
a complement of an su-closed subset). IfU contains all Noetherian local rings of equal
characteristic (respectively, equal characteristic zero or equal characteristicp) then it is
asymptotical (respectively, residually asymptotical or ramificationally asymptotical).

Therefore, one way of proving the Conjectures stated in§6.1 is to solve the following:

Problem 6. Is the class of all Noetherian local rings for which the Monomial Conjec-
ture (respectively, the Canonical Element Conjecture, the New Intersection Theorem, etc.)
holds an su-open set?

It is also of interest to know whether these subsets are just open, and even this might
not be easy (they are invariant under scalar extensions by faithfully flat descent). Note that
in case of the Monomial Conjecture, the corresponding subset can be proven to be closed.
More generally, we can study the topological properties of naturally occurring subsets of
Noe. Here is an example (which also illustrates the significance of being open):

Corollary 2. The subsetCM of Noe consisting all Cohen-Macaulay local rings is su-
closed whence closed. In particular, being non-Cohen-Macaulay is preserved undersmall
perturbations, meaning that ifR/(f1, . . . , fs)R is not Cohen-Macaulay, then neither is any
residue ringR/(f1 + a1, . . . , fs + as)R, whereai ∈ mN for some sufficiently largeN .

PutR := K[[X, Y ]]/X2K[[X, Y ]]. The non-Cohen-Macaulay local ringsR/XY nR
converge to the Cohen-Macaulay local ringR, showing thatCM is not open. To study the
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interior ofCM, let us call the distance from a Noetherian local ringR to the complement
of CM theCM-robustnessof R. The previous example gives a Cohen-Macaulay local ring
of CM-robustness zero. One easily shows that a regular local ring has CM-robustness 1/2.
What can we say in general about this invariant?

Problem 7. Which subclasses ofCM (e.g., Gorenstein local rings, local complete inter-
sections, rational singularities) are open (closed, su-open, su-closed) subsets ofCM (in
the induced topology)? On which of these classes is the CM-robustness positive?

It is clear that if theRn converge toS andS has positive CM-robustness, then so do al-
most allRn. In other words, the subset of all Noetherian local rings of zero CM-robustness
is closed. Is it su-closed? If so, and if, moreover, the last question in Problem 7 is true for
pseudo-rational singularities, then via Theorem 6, Conjecture 1 (or, in the ramificational
case, [58]) implies Conjecture 3.

We will also investigate the topological properties of numerical or other invariants. In
the next result, the first assertion is straightforward, whereas the second follows from the
dimension theory forFin discussed in§2.

Fact 6. The functionNoe → Z[[t]] sending a ring to its Hilbert series is continuous,
where we give the power series ringZ[[t]] in a single variablet its t-adic topology. The
dimension functiondim: Noe → N is upper semi-continuous (for the discrete topology
onN).

What about other invariants, such as multiplicity, parameter degree,a-invariant?

7.2. Maximal Cohen-Macaulay modules.Hochster has conjectured that any complete
Noetherian local ringR has a finitely generated maximal Cohen-Macaulay moduleM
(that is to say,depth(M) = dim(R)). This conjecture is wide open in dimension three
and up, even in equal characteristic. However, it is rather straightforward to show that the
set of all Noetherian local rings admitting a finitely generated maximal Cohen-Macaulay
module is su-open. Hence the validity of Hochster’s conjecture in equal characteristic
implies an asymptotic version of it in mixed characteristic by Theorem 6. To extend this
argument to big Cohen-Macaulay modules, one has to show that the class of all Noetherian
local rings admitting a big Cohen-Macaulay module is su-open. However, this is no longer
obvious since infinite generators do not descend in the ultraproduct. An attempt to prove a
residually asymptotic version of the existence of big Cohen-Macaulay modules was already
taken in [33], without much success. To attack the ramificationally asymptotic case, we
ask whether the subset of all Noetherian local domainsR of residual characteristicp whose
absolute integral closureR+ is a big Cohen-Macaulay algebra is su-open? This might be an
easier question, since the absolute integral closure of an ultraproduct of domains is (strictly)
contained in the ultraproduct of their absolute integral closure. At any rate, although the
previously defined subsets might not be su-open, they might be contained in larger su-open
subsets corresponding to consequences of the existence of big Cohen-Macaulay algebras,
i.e., to the subsets mentioned in Problem 6.

7.3. Zero-divisors. Sometimes, in order to get openness results, we have to restrict the
dimension. For instance, the (one-dimensional)K[[X, Y ]]/XnK[[X, Y ]] converge to the
(two-dimensional) domainK[[X, Y ]]. This shows that the subset of complete domains
Dom in Noe is not open. However, if we letNoed and[Noe]d be the (locally closed)
subset of alld-dimensional rings in respectivelyNoe and[Noe] (with their induced topol-
ogy), then we have:

C–12



Fact 7. The subsetDom ∩Noe1 is su-open inNoe1.

Is the same result true in in higher dimensions? This would follow for instance from an
affirmative answer to the next question:

Problem 8. If some minimal prime of a Noetherian local ring is contained in some pa-
rameter ideal, is the ring then necessarily a domain?

The answer is easily seen to be yes in dimension one. By the results of Strooker and
Stückrad, we have an even stronger result in a local Gorenstein ring of equal characteristic
(see [55, Corollary 3.5] or [62]):no non-zero annihilator ideal is contained in a parameter
ideal. In fact, this property is equivalent with the Monomial Conjecture, and thus gives yet
another possible approach to an asymptotic version of the Monomial Conjecture via Theo-
rem 6 and Problem 7 (and of the Canonical Element Conjecture via [56]). Let me mention
in passing that I do not yet know of a good criterion for a domain to be a cata-domain. This
seems to be related to Chevalley’s theorem and the notion ofbounded multiplication, and
ultimately, to a better understanding of the linear bounds in [25, 63].

7.4. Proto-singularities. The main result of [5] discussed in§5 actually yields that any
A ∈ Noe admits a scalar extensionR which is Lefschetz. By analogy, we can ask: given
an equal characteristic ringA ∈ Noe, is A similar to a separated ultraproduct obtained
by the last two transition types in§4.1? Reversing the point of view, we are led to yet
another variant of a propertyP ⊆ Noe: let us say that a ringR ∈ Fin is proto-P, if there
exists a scalar extensionA → R with A ∈ P. What can we say about proto-Noetherian
rings? It is not too hard to see that their cata-dimension equals their proto-dimension. Are
they therefore isodimensional? The transfer results proven in [5,§5] betweenA and the
components ofR in caseR is the Lefschetz scalar extension ofA, together with the fact
that the compositionA → R → R̃ is a scalar extension by [5, Corollary 4.32], prompt us
to ask:

Problem 9. Given a singularity propertyP (such as ‘regular’, ‘Cohen-Macaulay’, etc.),
what is the relationship between proto-P and cata-P? And if the ring is moreover ultra-
Noetherian, how do they relate to ultra-P?

7.5. Independent sequences.Recall that a sequence(x1, . . . , xn) in a local ringR is said
to beindependent(in the sense of Lech), if a linear combinationa1x1 + · · · + anxn = 0
implies that allai lie in I := (x1, . . . , xn)R (equivalently, if the conormal bundleI/I2

is free as anR/I-module). Not every local ring admits an independent system of param-
eters, as the exampleK[[X, Y ]]/(X2, XY )K[[X, Y ]] shows. Since a Noetherian local
ring is Cohen-Macaulay if, and only if, each system of parameters is independent, we
can postulate the following weaker form of the Hochster-Roberts Theorem (compare with
Conjecture 3):

Conjecture 7 (Weak Hochster-Roberts). If R → S is a cyclically pure homomorphism in
Noe with S regular, then some system of parameters inR is independent.

Using Theorem 6 (or, alternatively, in the ramificational case, using ultra-solid closure;
see [50, Theorem 4.4]), the asymptotic version of the above conjecture holds with respect
to dimension and parameter degree.

7.6. The space of all stalks.When dealing with problems which rely on more data (like
the conjectures in§6.1), we need to extend the singularity space accordingly. Let me just
give some details in the case of modules, which corresponds geometrically to the case of
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stalks of sheaves. LetMod consist of all pairs(R,M) with R ∈ Noe andM an R-
module. Given two such pairs(R,M) and(S, N), we putδ((R,M), (S, N)) ≤ 2−n if
M ⊗ R/n ∼= N ⊗ S/n. We call the two pairssimilar if there exists a common scalar
extensionT of R andS such thatM ⊗R T ∼= N ⊗S T . Let [R,M ] denote the similarity
class of(R,M) and let[Mod] be the collection of all similarity classes[R,M ]. As before,
δ induces also a metric on[Mod]. The first usage of separated ultraproducts onMod can
be traced back to [65] where a big Cohen-MacaulayR-module is constructed from certain
modules over various approximations ofR.

Problem 10. Is [Mod] complete? IsMod quasi-complete?

7.7. The singularity graph of a scheme.Let f : X → S be a morphism of Noetherian
schemes. Consider the mapX → [Noe] given by sending a pointx to the similarity class
of the germ of the fiber(f−1(fx), x). We will denote the image of this map by[X]S . In
caseS is the spectrum of a field, we omit the subscript, for then[X] consists just of all
similarity classes of germs onX. If X has no singularities, then[X] is finite, of cardinality
dim(X) + 1 (there is also a converse under some additional assumptions). Hence[X] has
cardinality at leastdim(X) + 2 whenX is singular. IfX is a reduced curve over some
field, then[X] is finite. It is reasonable to expect that this is true in much greater generality:

Problem 11. If X is a reduced excellent scheme of finite dimension, is[X] finite? What
for arbitrary Noetherian schemes of finite dimension?

By the Cohen structure theorem for complete Noetherian local rings, there exists in
each equal characteristic a unique similarity classρd of ad-dimensional regular local ring.
In equal characteristic zero,ρd is an isolated point in[Noe]d, but this is false in equal
characteristicp because of ramification in mixed characteristic. Note that the restriction on
the dimension is needed, for the class of Artinian local rings is dense in[Noe]. The next
conjecture is really a problem about Eisenstein extensions:

Conjecture 8. The isolated points of[Noe]d are precisely thed-dimensional regular local
rings which are either of equal characteristic zero or unramified of mixed characteristic.

One way to formulate that a Noetherian local ring is not regular, is saying that its dis-
tance is less than1/2 to some regular local ring of higher dimension. Therefore, the relative
position of[X] to the class of all regular local rings gives additional information on the sin-
gularities ofX. To properly encode this information, we attach toX a labeled graph〈X〉
as follows. Consider the graph whose vertices are the elements in[X] together with all
similarity classes of regular local rings. We put an edge between two vertices whenever
they lie at distanceδ < 1/2, and give this edge the label− log2(δ) (which is then at least
2). Thesingularity graph〈X〉 of X is now the labeled graph obtained by removing all
isolated vertices in the previous graph. Note that by our previous remark, no singularity of
X will thus be removed. Therefore,X has no singularities if, and only if,〈X〉 is empty.
In view of Problem 11, we expect this graph always to be finite. What properties does
this invariant have? The projection map from the cusp onto a coordinate axis shows that
in general the construction is not functorial. However, the next example shows that func-
toriality is plausible for certain types of maps. Letf : X ′ → X be the blowing up at the
origin of the surfaceX ⊆ A3

K given byu2v2 + u2w2 + v2w2 = 0. With o the origin,b, b′
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coordinate axes anda, a′ 6= o closed points onb, b′, we get graphs:
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It is clear that we can choosea′, b′ ∈ X ′ with a = f(a′), b = f(b′), so thatf induces an
embedding〈X ′〉 → 〈X〉 of labeled graphs. Does this always hold for blowing ups, or for
proper maps? If so, how does this invariant behave in the desingularization process?

8. CONCLUDING REMARKS

This proposal intends to study properties of ultraproducts of Noetherian local rings with
an eye towards applications in non-standard tight closure and homological conjectures in
mixed characteristic. This study is cast in more general terms of local properties of rings
of finite embedding dimension, mimicking the classical treatment of local algebra. Among
other things, this involves the development of a good dimension theory. The link with the
Noetherian realm can be made in several ways: via completion (indicated by the prefix
cata-), via ultraproducts (indicated by the prefixultra-), or via faithfully flat Noetherian
subrings (indicated by the prefixproto-). For each property of Noetherian local rings, we
get a corresponding variant and we will investigate their relationships.

Ultraproducts are standard issue in logic, but outside logic, they are not so well-known.
Nonetheless, they have applications in topology, ring theory, group theory, non-standard
analysis, etc. Together with A. Loper, I intend to organize a conference on applications of
ultraproducts to algebra and geometry, to bring together the researchers in these different
fields. Each field comes with its own perspective and its own set of questions, which will
make this cross-disciplinary interaction very fruitful. The objective of this proposal is to
add one more venue: the study of algebraic properties of ultraproducts via the methods of
commutative algebra.

The synergy of the model-theoretic tool of an ultraproduct in combination with tech-
niques from commutative and local algebra, ring-theory, topology and algebraic geometry,
will moreover contribute to the interchange of ideas in these fields. For instance, ring-
theorists [34, 35, 36] have recently been studying spectra of ultraproducts because of my
applications in commutative algebra. In this proposal, a bridge between ring-theory and
commutative algebra is made via the classFin. The use of ultraproducts also provides a
more unified and simplified treatment of tight closure theory, since the theory can now be
developed in parallel in positive and zero characteristic. This has also educational merits,
in that it will provide a more streamlined presentation of the subject matter, and at the
same time, emphasize the importance of multi-disciplinary research. I hope to design a
graduate course on tight closure theory precisely with this intent. I also plan to devise a
course on the role that ultraproducts play as a bridge between algebraic model-theory and
commutative algebra, in order to transfer properties and prove uniform bounds.
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7. J. Bertin,Anneaux coh́erents ŕeguliers, C. R. Acad. Sci. Paris273(1971), 1–2.
8. J.-F. Boutot,Singularit́es rationelles et quotients par les groupes réductifs, Invent. Math.88 (1987), 65–68.
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