
COMMUTATIVE ALGEBRA / EXTRA CREDIT ASSIGNMENT 1

You can earn up to one full point (out of 20) of extra credit on this as-
signment; to earn a full point, you have to get at least 6/8 questions below
correct, otherwise you only get partial credit. The due date is Monday, April
24. You can submit your assignment either on paper or electronically.

1. QUASI-REGULAR SEQUENCES

1.1. Definition. We call a tuple x := (x1, . . . , xn) in a ring A quasi-regular,
provided I := (x1, . . . , xn)A is a proper ideal, and whenever for any k ∈ N
and any homogeneous form F ∈ A[X] of degree k, with X := (X1, . . . , Xn),
if F (x) ∈ Ik+1, then all coefficients of F lie in I . Note that if F is homoge-
neous of degree k with all of its coefficients in I , then clearly F (x) ∈ Ik+1,
so quasi-regularity is about being able to reverse this implication.

1.2. Theorem. In a Noetherian local ring (R,m), a sequence (x1, . . . , xn)
is quasi-regular if and only if it is a regular sequence. In particular, any
permutation of a regular sequence is again regular.

In this assignment, you will prove the first assertion of Theorem 1.2 only
for n = 1 and n = 2, using the following outline (even if you cannot prove
one of the properties, you may use it to prove others).

(1) Prove the case n = 1 (you may need (4) below for that, so prove
that perhaps first).

We concentrate on the case n = 2, and so we fix some notation. Let
x, y ∈ R and let I be the ideal generated by these two elements. We start
with the converse implication, so assume (x, y) is moreover R-regular.

(2) Show that (Ik+1 : x) = Ik, for all k ∈ N (this can be done without
using induction).

(3) Use (2) and induction on k, to show that (x, y) is quasi-regular.
We now consider the other implication, so assume (x, y) is quasi-regular.
(4) Show that if xz = 0, for some z ∈ R, then z ∈ Ik, for k ∈ N.
(5) Use Krull’s Intersection Theorem and (4) to show that x is R-regular.
(6) Show that y is quasi-regular in R/xR, and conclude, using (1) that

(x, y) is R-regular.
(7) Prove the last assertion, for arbitrary n, using the first statement for

arbitrary n.
Note that if R is Noetherian but not local, then the last statement of Theo-

rem 1.2 may fail (try, optionally, to find a counterexample in the literature).
On the other hand, it is clear from the definitions that an initial segment of
an R-regular sequence is again R-regular, no matter whether R is local or
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not, but this does not follow (at least not immediately) for the quasi-regular
case. In the local case, however, we can do even better:

(8) Show, using Theorem 1.2 for n arbitrary, that in a Noetherian local
ring, any subset of a quasi-regular sequence is again quasi-regular.


