
MATHEMATICAL EXPLORATIONS II

LINEAR ALGEBRA, MODERN ALGEBRA, AND GEOMETRY

Instructions: Answer all questions below. Your work will be assessed for mathematical correctness; depth of

understanding; appropriate use of mathematical representations; clarity of communication and presentation; and

proper use of mathematical language, language function, terminology, and symbols. A GeoGebra file should be

submitted with the assignment to accompany question 8. Each student will orally present one question, or part of

one question.

(1) (A.1.4, A.2.5, A.3.4) Recall that an n× n matrix M determines a linear transformation:

TM : Rn −→ Rn

v 7→ Mv.

(a) Describe geometrically the linear transformation in R2 determined by each matrix below
(include a diagram in your response):

A =

 1 0

0 0

 , B =

 2 0

0 2

 , C =

 1 0

0 −1

 .

(b) Determine a 2 × 2 matrix which defines a dilation by a factor of 3 followed by a projection
onto the y-axis.

(2) (A.2.5, A.2.6, A.3.5) The special orthogonal group SO(2) is the group{ cos θ − sin θ

sin θ cos θ

 : θ ∈ (−π, π]

}
, under matrix multiplication.

(a) Prove that SO(2) is a group.
(b) Describe geometrically the transformation determined by an element of SO(2).

(3) (A.1.4, A.2.5, A.2.6) The orthogonal group is the group of real matrices M such that M−1 = M t

under matrix multiplication.

(a) Show that O(n) is a group.
(b) Show that SO(2) ≤ O(2).
(c) Find the matrix that determines a reflection in R2 across the line y = mx, and show that

this matrix is in O(2).
(d) Is a dilation an element of O(2)?

Note: It can be shown that the every element of O(2) is a reflection, a rotation, or a product
of rotations and reflections.
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(4) (A.2.6, A.3.3) The Euclidean group E(2) is the group of rigid motions (or isometries) in the
plane. Its elements are rotations, reflections, translations, and compositions of these transforma-
tions. Each element T of E(2) has the form

T : R2 → R2

v 7→ Av + b,

for some A ∈ O(2) and b ∈ R2.

(a) Prove that E(n) is group.
(b) If T ∈ E(2) is a translation, what must A equal?
(c) Suppose we transform a polygon in the plane by an element of E(2), what is the resulting

area compared to the original area. Why?
(d) Give an example of a glide reflection. That is, give an example of an A ∈ O(2) and a b ∈ R2

such that T (v) = Av + b is a glide reflection.

(5) (A.2.2, A.2.3, A.2.6) Let R be the group of real numbers under addition; and R>0 be the group
of positive real numbers under multiplication.

(a) Prove that the following function is a group isomorphism:

f : R → R>0

a 7→ ea.

(b) Find a group isomorphism g : R>0 → R such that g ◦ f is the identity function.

(6) (A.2.3, A.2.6) The affine group of the line is the group of all transformations of the form
T (x) = ax+ b for real numbers a 6= 0 and b under function composition.

(a) Prove that the affine group of the line is a group.
(b) Is the affine group of the line abelian?
(c) Find elements of the affine group of the line T and S such such that the graph of T ◦ f ◦S is

obtained by translating the graph of f by 3 units to the right along the x-axis, then dilating
it by a factor of 2, and finally translating it by 1 unit upwards on the y-axis.

(7) (A.3.4, A.3.5) Critique the following argument that attempts to establish the nonexistence of the
3 − 4 − 5 right triangle [Taken from E. Barbeau. More Fallacies, Flaws, and Flimflam, MAA,
2013]:

If θ is the angle opposite the side of length 4, we have sin 2θ = 2 sin θ cos θ = 2 sin θ
√

1− sin2 θ.
Plugging this formula into the calculator with sin θ = 0.8 we find that sin 2θ ≈ 0.96, sin 4θ ≈
0.5376, sin 8θ ≈ 0.9066, and so forth, so that all of θ, 2θ, 4θ, and so on, must be between 0◦ and
180◦. We conclude that θ = 0.

(8) (A.3.3, A.3.8) Given ∆ABC, let D be the midpoint of BC, E the midpoint of the segment AC,
and F the midpoint of AB. The triangle ∆DEF is the medial triangle of ∆ABC.

In GeoGebra, create a triangle ∆ABC and its medial triangle ∆DEF as in Figure 1.

(a) Measure the areas of ∆ABC and ∆DEF . Drag points A, B, and C. Make a conjecture:
How do the areas of ∆ABC and ∆DEF appear to be related?

(b) Prove or disprove your conjecture.
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Figure 1. A Medial Triangle


