
EXISTENTIALLY CLOSED MODELS OF THE

THEORY OF ARTINIAN LOCAL RINGS

Hans Schoutens

01.11.97

Abstract. The class of all Artinian local rings of length at most l is ∀2-elementary,

axiomatised by a finite set of axioms Artl. We show that its existentially closed

models are Gorenstein, of length exactly l and their residue fields are algebraically
closed, and, conversely, every existentially closed model is of this form. The theory

Gorl of all Artinian local Gorenstein rings of length l with algebraically closed residue

field is model complete and the theory Artl is companionable, with model-companion
Gorl.

0. Introduction

In studying classes of commutative rings with identity (rings, for short) from a
model-theoretic point of view, the elementary or (first order) axiomatisable classes
are the most interesting. Given a general property of rings, one might look for
elementary classes all of whose models share this property. Among their beloved
properties, commutative algebraists will no doubt quote the Noetherian property.
Unfortunately, this is (most of the time) a non-first order property: one can prove
using ultraproducts, that any elementary class containing at least one ring with a
non-zero divisor which is not a unit, must contain non-Noetherian rings.

Therefore, if one wants to maintain Noetherianness, one is then lead to look for
elementary classes consisting entirely out of Artinian rings. However, if the length
is unbounded, then again such classes cannot exist by an ultraproduct argument.
One might bound the length by bounding some other invariants, for instance the
embedding dimension and the exponent, but in this paper we will just bound the
length itself. Artinian rings are in general semi-local, but for sake of simplicity, we
will restrict us here to local rings. A simple but basic observation in this setting is
that any extension of Artinian local rings is necessarily local, since the non-units
are precisely the nilpotent elements.

There is a second motivation for the present research stemming from algebraic
geometry. It is one of the many insights of Grothendieck that even if one were
merely interested in the study of irreducible varieties over an algebraically closed
field, one nevertheless has to include in ones study the behaviour of nilpotent func-
tions. This standpoint forces us to shift from classical algebraic geometry (cor-
responding to radical ideal theory) to the general sheaf-theory on schemes (cor-
responding to the study of arbitrary ideals). Therefore, if model theory seeks to
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enter in a serious dialog with algebraic geometry, it will have to enlarge its study
of sets definable over an algebraic closed field to the study of sets definable over an
Artinian local ring. Using regular sequences (a first order definable concept) then
will enable us to reduce the study of arbitrary Cohen-Macaulay local rings to the
study of Artinian local rings, thus providing a framework to mimic the infinitesimal
study of scheme theory, at least under the Cohen-Macaulay assumption. The latter
reduction will appear in a future paper in which the higher dimensional versions of
the present theory will be given.

In short, we propose in this paper the study of Artinian local rings of length at
most l from a model-theoretic point of view, for some l ∈ N. If we moreover require
that the rings are equicharacteristic, then by Cohen’s structure theorem, each such
ring is a finite dimensional algebra over some (coefficient) field (isomorphic to the
residue field). However, this field need not to be definable.1

It turns out that the class of Artinian local rings of length at most l is ax-
iomatisable by a ∀2-theory, denoted Artl. To model-theorists, ∀2-theories behave
particularly nicely and one of their important features is that any model is em-
beddable in an existentially closed model. A model R is called existentially closed
or generic, whenever any ∃1-sentence with parameters from R which holds in an
extension S of R (i.e., such that R ⊂ S and S is also a model), then it holds already
in R. In other words, solvability of a system of equations and inequations in R can
be tested in any extension of R. For example, the existentially closed models of the
theory of fields are precisely the algebraically closed fields.

Our main theorem states that an existentially closed model of Artl is Goren-
stein, has an algebraically closed residue field and its length is exactly equal to
l and there are no other existentially closed models. In commutative algebra or
algebraic geometry, the Gorenstein condition is the ’next best property’ after being
regular or being a complete intersection. Gorenstein rings were initially studied by
Grothendieck and Serre in algebraic geometry and by Bass in commutative
algebra, see for instance the latter’s paper [Bass] . For our purposes, we only
need to define the Gorenstein property for Artinian local rings, in which case it is
equivalent with being self-injective; or with having a unique non-zero ideal; or with
having a principal socle (=annihilator of the maximal ideal). Therefore, Artinian
local Gorenstein rings are better known to logicians as quasi-Frobenius rings. One
of its less used characterisations will be needed in this paper: they are precisely
those Artinian local rings R for which each ideal is an annihilator ideal, meaning,
an ideal of the form AnnR(I), where I is an ideal of R. It is precisely this char-
acterisation together with exercise [Hod 1, 3.2. Exercise 17] , (stating that any
finitely generated ideal of an existentially closed local ring is an annihilator ideal),
that lead to the present research.

An algebraic consequence of this theorem is that any Artinian local ring can be
embedded in an Artinian local Gorenstein ring of the same length. We give an
example (1.8) to show that this is not at all that obvious. Model-theoretic conse-
quences are that the theory Gorl of all Artinian local Gorenstein rings of length l
with algebraically closed residue field is model-complete. It is the model-companion
of Artl. However, in the last section we give a counterexample to Quantifier Elimi-
nation for these theories. In a subsequent paper [Sch 2] we will show how one can

1In the case of positive characteristic p and perfect residue field the coefficient field is definable
as the collection of all elements in the ring which are an pl-th power.
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obtain Quantifier Elimination by adding some extra constants and some natural
predicates.

In order to prove that existentially closed models of Artl are models of Gorl (see
(1.6)), the only place at which I really seem to need some model-theory is in show-
ing that the length of an existentially closed model is the maximal possible value l.
To prove the converse statement, we need some better understanding of the ideal
structure of an Artinian local Gorenstein ring. In section 2 we deal with the easier
case when the residue field is embeddable2, the so called equicharacteristic case.
We show the existence of certain monomial bases having the right combinatorial
properties due to the Gorenstein condition. We show that equicharacteristic Ar-
tinian local Gorenstein rings are in some sense rigid, in that any extension by an
Artinian local ring of the same length has to be automatically Gorenstein and, even
more, is obtained by base change over the residue fields (see (2.3)). In particular,
any such extension is automatically faithfully flat. This result allows us to translate
any system of equations over the model to a system of equations over the residue
field, which is algebraically(=existentially) closed.

The same ideas are then exploited in the next section to treat the remaining
mixed characteristic case. The lack of a coefficient field is now the main obstruction.
However, we show how the multiplicative part of the residue field is still embeddable,
using Witt vectors. Therefore a similar rigidity for extensions of a model of Gorl as
in the equicharacteristic case still exists, but whereas the former is easily expressed
by a base change, the latter requires a more careful analysis of the terms involved
(see (3.7)) to finish the argument.

0.0. Definitions and Notations.

Logic
The standard work of reference will be the excellent book [Hod 2] . Most of

our terminology and notations will be consistent with it. However, the numbering
within tuples sometimes starts with one instead of zero. The length of a tuple a
will be denoted len(a).

Let L be a (first order) language. We will say that a class H of L-structures is
elementary, if there exists a first order theory T , such that its models form the class
H. We will say that the class H is ∀n-elementary, where n is some natural number,
if T consists entirely out of ∀n-sentences.

In the rest of this paper, L will always stand for the language of rings

L =<+++, ···,−−−; 000,111 >

where +++ and ··· are two-ary function symbols interpreted by respectively addition
and multiplication, where −−− is a unary function symbol interpreted by the additive
inverse, and where 000 and 111 are constant symbols, standing for the zero and one of a
ring. The theory Ring of rings (commutative, with identity) is ∀1 so that the class
of all rings is ∀1-elementary.

A notational convention: symbols of the language and logical variables will ap-
pear in boldface, whereas their equivalent in normal face will stand for their in-
terpretation in a particular model, sometimes emphasised by adding a superscript
denoting the structure. Moreover, structures will always be denoted by the same
symbol as their domain, confusing as this might be.

2By Cohen’s Structure Theorem we are then in the case of a finite dimensional local algebra
over a field (called the coefficient field)
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Commutative Algebra
Here, the work of reference will be [Mats] . Let R be a local ring. Its residue

field will normally be denoted by κ and its maximal ideal by m. We might want to
indicate this by writing (R,m) or (R,m, κ). We will denote the length of a ring R,
i.e., the length of a maximal chain of ideals in R, by `(R). By exp(R) we will mean
the exponent or nilpotency degree of R, defined as the minimum of all e, such that
me = 0, if such an e exists, otherwise we set exp(R) = ∞. The embedding dimension
of R will be the cardinality of a minimal set of generators of the maximal ideal m.
By Nakayama’s lemma, this equals the dimension of m/m2 over the residue field
κ.

0.1. Proposition. The class of all local rings is ∀2-elementary.

Proof. This is an exercise in [Hod 1, 3.1 Exercise 12] : express that an element is
a non-unit, by

(0.1.1) Nu(rrr) = (∀sss)[srsrsr 6= 111].

Hence, the following sentence

(0.1.2) Loc
def= (∀rrr,sss)[Nu(rrr) ∧ Nu(sss) → Nu(r + sr + sr + s)]

expresses that a ring R is local. Writing this out with aid of (0.1.1), Loc becomes
a ∀2-sentence. �

0.2. Reduction Lemma. Let R be a ring and let āaa be an n-tuple of free variables.
There exists a transformation which turns a formula P(x̄xx) of L with parameters from
R in the m-tuple x̄xx of free variables, into a formula Redāaa P(x̄xx) of L with (the same)
parameters from R in the free variables āaa and x̄xx, such that, for any ideal a of R
generated by n elements a1, . . . , an and any x ∈ Rm, we have that

R |= Reda P(x) ⇐⇒ R/a |= P(x),

where we have reduced the parameters modulo a in the latter formula.

Proof. By definition, any formula is built up from the following four rules.
(F1) For each pair of terms t1 and t2, the expression t1 = t2 is a formula.
(F2) If ϕ is a formula, then also ¬ϕ.
(F3) If ϕ and ψ are formulae, then also ϕ ∧ ψ.
(F4) If ϕ is a formula, then also (∃zzz)ϕ.
We will now transform P(x̄xx) into a formula Redāaa P(x̄xx) as follows, by induction on

the number of formation rules (F1)–(F4) needed to construct P(x̄xx).
(R1) If t1(x̄xx) and t2(x̄xx) are terms, and P(x̄xx) stands for the formula t1(x̄xx) = t2(x̄xx),

then Redāaa P(x̄xx) stands for the formula (∃ȳyy)[t1(x̄xx)−−− t2(x̄xx) =
∑n

i=1 aaaiyiyiyi].
(R2) If ϕ(x̄xx) is a formula and P(x̄xx) stands for the formula ¬ϕ(x̄xx), then Redāaa P(x̄xx)

stands for the formula ¬Redāaa ϕ(x̄xx).
(R3) If ϕ(x̄xx) and ψ(x̄xx) are formulae and P(x̄xx) stands for the formula ϕ(x̄xx)∧ψ(x̄xx),

then Redāaa P(x̄xx) stands for the formula Redāaa ϕ(x̄xx) ∧ Redāaa ψ(x̄xx).
(R4) If ϕ(x̄xx) is a formula and P(x̄xx) stands for the formula (∃zzz)ϕ(x̄xx,zzz), then

Redāaa P(x̄xx) stands for the formula (∃zzz)Redāaa ϕ(x̄xx,zzz).
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It is now not hard to verify that Reda P(x) holds in R, if and only if, P(x) holds
in R/a, where a = (a1, . . . , an) and x ∈ Rm by using induction on the number of
reduction rules (R1)–(R4). �

1. The Theory of Artinian Local Rings

1.1. Proposition. The class of all Artinian local rings of length at most l is
elementary.

Proof. First, we want to express in first order language that for an element x in
a ring R, the annihilator AnnR(x) is a prime ideal, and whence, by definition an
associated prime. The following formula takes care of that,

(1.1.1) Ass(xxx) def= xxx 6= 000 ∧ (∀aaa,bbb)[abxabxabx = 000 → (axaxax = 000 ∨ bxbxbx = 000)].

We can also express that the associated prime AnnR(x) is maximal by the following
formula

(1.1.2) Mass(xxx) def= Ass(xxx) ∧ (∀sss)[sxsxsx 6= 000 → (∃rrr, ttt)[txtxtx = 000 ∧ t+ rst+ rst+ rs = 111]].

Let us now define sentences Arl, by induction on l, where l = 1, 2, . . . . In case
l = 1, we define

(1.1.3) Ar1
def= (∀sss)[sss = 000 ∨ (∃ttt)[ststst = 111]].

In other words, any ring satisfying Ar1 is a field and therefore of length one (over
itself). Define now, using the Reduction Lemma (0.2), by induction

(1.1.4) Arl
def= (∃xxx)[Mass(xxx) ∧ Redxxx Arl−1].

Let us prove, again by induction, that a ring satisfying Arl has exactly length l
over itself. By the condition Mass(xxx), which holds for some x ∈ R, we know that
AnnR(x) is a maximal ideal. Consider the exact sequence

(1) 0 → xR−→R−→R/xR→ 0.

The first module is isomorphic with R/AnnR(x), whence a field and hence of length
one over R. The last module is of length l − 1, since Redx Arl−1 holds in R, so
that Arl−1 holds in R/xR, which means, by induction, exactly what we claimed.
Therefore it follows from the exact sequence (1) that R is of length l. If we add the
sentence

(1.1.5) Artl = Loc ∧
l∨

i=1

Ari

to the theory of rings Ring, we obtain a theory Artl having as models exactly the
Artinian local rings of length at most l. �
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1.2. Remark. From our proof it follows immediately that the class of all Artinian
local rings of length exactly l is also elementary. We will denote its theory by Art′l.

1.3. Remark. A shorter proof can be found in [JL, Proposition 9.1] : let Chnl

be the sentence expressing that any sequence a0, . . . , al of l + 1 elements, has the
property that at least one inclusion in the chain of ideals

(a0) ⊂ (a0, a1) ⊂ (a0, a1, a2) ⊂ · · · ⊂ (a0, . . . , al)

is an equality. Then a ring has lenght at most l, if and only if, Chnl holds. Moreover,
from (0.1) and the observation that the sentence Chnl is an ∀2-sentence, it follows
that the class Artl (respectively, Art′l) of all Artinian local rings of length at most
l (respectively, of length exactly l), is ∀2-elementary.

Our own proof has the advantage that it introduces the formulae Ass and Mass,
which will be needed later on. However, as it stands, this does not yield an ∀2-
axiomatisation for Artl and some extra effort is needed. We thank the referee for
drawing our attention to [JL, Proposition 9.1] , thus simplifying our argument.

1.4. Observation. Let (R,m) and (S, n) be Artinian local rings and let f : R→ S
be a ring morphism between them. Then f is automatically local.

Proof. Take an element m ∈ m. Since R is Artinian, m is nilpotent, and hence also
its image f(m) under f . Therefore, f(m) cannot be a unit in S, whence must lie
in n. �

1.5. Proposition. For each l, there exists a ∃1-sentence Lenl, such that, if (R,m)
is an Artinian local ring in which Lenl holds, then its length is at least l. Moreover,
if (R,m) is an Artinian local Gorenstein ring of length at least l, then Lenl holds
in it.

Remark. Note that the sentences Artl in (1.1.5) are clearly not ∃1.

Proof. Let us first give the definition of the Lenl. We proceed by induction on l.
For l = 1, the sentence

(1.5.1) Len1
def= (∃aaa)[aaa 6= 000]

clearly will do. In order to give the recursive description of Lenl, we make the
contents of these sentences more explicit. We claim that Lenl is of the form

Lenl = (∃āaa)(∃b̄bb)[χl(āaa, b̄bb)],

where χl(āaa, b̄bb) is a quantifier free formula with len(āaa) = l and len(b̄bb) = l − 1.
Moreover, we want that χl(a, b) holds in R, with ai, bi ∈ R, if and only if, there
exists an increasing chain

(1) a0 = 0  a1  · · ·  al

in R, where each ideal ai is generated by the previous one, ai−1, and one more
element ai. We show how to construct Lenl+1, given Lenl expressing (1). Let

(1.5.2) Lenl+1 = (∃āaa)(∃b̄bb)[χl(āaa, b̄bb) ∧ blal+1blal+1blal+1 6= 000 ∧
l∧

i=1

blaiblaiblai = 000].
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Suppose that χl+1(a, b) holds in R. To show that this implies the existence of a
chain as in (1), of length l + 1 this time, we only need to show by induction that
the element al+1 is not contained in al, so that the ideal al+1 generated by al+1

and al is strictly bigger than the latter ideal. This, however, is clear, since bl lies
in the annihilator of al, but does not annihilate al+1.

To prove the second statement, assume that (R,m) is an Artinian local Goren-
stein ring. In this case we always have that, if a  b is a strict inclusion of ideals,
then AnnR(b)  AnnR(a), since by [Sch 1, Theorem 2.2] , the operation AnnR(.)
is an inclusion reversing involution on the lattice of ideals of R. If R has length at
least l, then we can find a chain of ideals ai = (a1, . . . , ai) as in (1). By induction,
we show that the Leni hold for each i. This is clear for i = 1, so suppose already
established for i < l and we want to show that Leni+1 also holds. By the remark
above, the annihilators of ai and ai+1 must be different, since these ideals are, so
that we can find an element bi, annihilating ai but not ai+1. �

1.6. Theorem. Let (R,m) be an existentially closed model of Artl (or of Art′l).
Then the following holds.

(i) The residue field κ = R/m is algebraically closed.
(ii) R is Gorenstein.
(iii) The length of R is exactly l.

Proof. (i). Let p be a monic irreducible polynomial in one variable T over κ. Take
a monic lifting P of p to R and consider

R̃ =
R[T ]
(P )

.

Let us prove that R̃ is local with maximal ideal m̃ = mR̃. First, m̃ is a maximal
ideal since

R̃/mR̃ ∼=
κ[T ]
(p)

,

which is a field since p is irreducible over κ. Any maximal ideal n of R̃, must
contract to the unique prime ideal m of R, and hence contain m̃, whence be equal
to it. This proves that R̃ is local.

Let us prove, by induction on l, that the length of R̃ is at most l, so that R̃ is
also a model of Artl. (To this end we will not yet use the existentially closedness of
R). The case l = 1 is clear, since then also R̃ a field. Assume therefore that l > 1
and choose x ∈ R, such that AnnR(x) = m. Then clearly also AnnR̃(x) = m̃, so
that xR̃ is of length one. But

R̃/xR̃ =
(R/xR)[T ]

(P̄ )
,

where P̄ denotes the image of P in (R/xR)[T ], which also reduces to p modulo the
maximal ideal of R/xR. Clearly R/xR is a model of Artl−1. We can apply the
induction hypothesis to R̃/xR̃, to conclude that its length is at most l − 1. Our
claim then follows from the exact sequence

0 → xR̃−→R̃−→R̃/xR̃→ 0
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and the observation that `(xR̃) = 1.
Hence, R̃ is a model of Artl, admitting T as a root of P . By existentially

closedness of R, we must have that there exists already a root r of P in R, whence
its residue modulo m is a root of p, proving that κ is algebraically closed.

(ii). Let 0 6= η ∈ SocR. We want to show that η generates the socle, showing
that R is Gorenstein. Suppose not, so that there exists r ∈ SocR with η /∈ (r).
Let T be one variable and let Σ be the multiplicative set of R[T ] consisting of all
monic polynomials. Let R(T ) denote the localisation Σ−1R[T ]. The ideal mR(T ) is
maximal, since the quotient equals κ(T ), which is a field. It is moreover nilpotent
and hence it must be the unique maximal ideal of R(T ), showing that the latter is
an Artinian local ring. By induction on the length, one shows that R(T ) has the
same length as R.3 Let R̃ = R(T )/(η+rT ), which therefore is also a model of Artl.
We claim that R ⊂ R̃. Assuming the claim and using that R is existentially closed,
we see that the the equation η + rT = 0 viewed as an equation in the variable T
has a root in R̃ and whence in R, contradicting that η /∈ (R).

So let us show the claim. Let c ∈ R, such that c = 0 in R̃. This means that
there exist ai, bi ∈ R, such that

c(b0 + b1T + · · ·+ bsT
s + T s+1) = (η + rT )(a0 + a1T + · · ·+ asT

s)

in R[T ]. This leads to a system of equalities in the coefficients

c = ras

cbs = ras−1 + asη

cbs−1 = ras−2 + as−1η

...
cb1 = ra0 + a1η

cb0 = a0η.

The first of these equalities tells us that (c) ⊂ (r), hence the remaining imply that
aiη ∈ (r). By our assumption, none of the ai can therefore be a unit, so must lie
in m. Hence from the first equality it then follows that c = 0, since r ∈ SocR.

(iii). Suppose not, so that, say, `(R) = h < l. Let

R̃ =
R[T ]

(T 2,mT )
.

As can be easily checked, R̃ is again an Artinian local ring with maximal ideal
m̃ = (m, T ). One also checks that AnnR̃(T ) = m̃, so that, by considering the exact
sequence

0 → (T )−→R̃−→R→ 0

we deduce that R̃ is of length h+1 ≤ l. By (1.3) the theory Art′h+1 of all Artinian
local rings of length exactly h+ 1 is ∀2-elementary, so that by [Hod 2, Corollary

3By induction R(T )/ηR(T ) ∼= (R/ηR)(T ) has length `(R)− 1. But the maximal ideal of R(T )
annihilates ηR(T ), so the latter ideal has length one and we are done.
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8.2.3] , we can embed R̃ in an existentially closed model S of that theory. By (i)
above, we know that S is Gorenstein and clearly of length h+1 (since all models of
this theory have fixed length). By (1.5), the ∃1-sentence Lenh+1 holds in S. Since,
however, S is also a model of Artl, by assumption on h, and since S is an extension
of R, which is assumed to be existentially closed for Artl, we conclude that also
Lenh+1 holds in R. But by (1.5) again, this means that R has length at least h+1,
contradiction. �

1.7. Corollary. Let (R,m) be an Artinian local ring of length l. Then there exists
an Artinian local Gorenstein ring (S, n) of the same length l with an algebraically
closed residue field, such that R ⊂ S.

Proof. Since the theory Art′l is ∀2-elementary, every model can be embedded in an
existentially closed model of the theory (see for instance [Hod 2, Theorem 8.2.1]
). Together with (1.6), this provides the proof of our claim. �

1.8. Example. Let κ be a field and let R = κ[S, T ]/a, where a = (S2, ST 2, T 3).
One easily verifies that R is an Artinian local ring of length 5, embedding dimension
2, exponent 3 and type 2. In particular, R is not Gorenstein. The following Artinian
local ring R̃ provides an extension of R of the same length which is moreover
Gorenstein. Let λ be the fraction field of κ[A,B,C]/(A2 + B2 + C2) and let R̃ =
λ[X,Y, Z]/b, where b = (X2 − Y 2, X2 − Z2, XY,XZ, Y Z). The reader should
check that this is indeed an Artinian local Gorenstein ring of length 5 (embedding
dimension 3 and exponent 3). The embedding ϕ : R → R̃ is now given by sending
(the image of ) S to AX +BY +CZ and sending T to BX. Since the exponent of
R̃ is 3, it is clear that both ST 2 and T 3 are sent to zero under ϕ. The image of S2

under ϕ equals (AX +BY +CZ)2. But the latter is equal to (A2 +B2 +C2)X2 in
R̃. Moreover A2 +B2 +C2 = 0 in λ, hence also in R̃. This proves that the map ϕ is
well defined. To check that it is injective, let us calculate the image of an arbitrary
element f of R. Each element of R can be (uniquely) written as

f = u+ vS + wT + xST + yT 2,

where u, v, w, x, y are elements of κ. Hence

ϕ(f) = u+ v(AX +BY + CZ) + wBX + xABX2 + yB2X2.

For this element to be zero, we must have that u = 0, vA+wB = 0, vB = 0, vC = 0
and xAB + yB2 = 0. Hence u = v = w = 0 and xA + yB = 0. However, since
A and B are transcendent over κ, the latter equality also implies that x = y = 0,
proving that f = 0 in R.

Note that we didn’t need the residue field of R̃ to be algebraically closed, but
we did need it to be transcendent over κ! Note also that R̃ is not a complete
intersection ring.
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2. The Equicharacteristic Case

2.1. Notation. In this and the next section, (R,m) will be an Artinian local
ring with residue field κ. We fix once and for all a set of minimal generators
x = (x1, . . . , xµ) for the maximal ideal m. Also, on the set of µ-tuples Nµ, we
choose once and for all a monomial ordering ≤. This means that ≤ totally orders
Nµ with 0 as the minimal element such that for any α, β, γ ∈ Nµ, we have that
α ≤ β implies that α + γ ≤ β + γ. For future purposes, we might also want
to require that ≤ is graded, with which we mean that whenever |α| < |β|, then
α < β, where we write |(a1, . . . , aµ)| = a1 + · · ·+aµ. In other words, ≤ respects the
grading on Nµ. An example of a graded monomial ordering is the so called graded
lexicographical ordering, which is defined by calling α smaller than β, if |α| < |β|,
or, if |α| = |β|, but α is lexicographically smaller than β. In this paper, however,
we can take the lexicographical order on Nµ, or any other monomial ordering, for
that matter. Therefore, for sake of exposition, we will just assume that ≤ is the
usual lexicographical ordering.

Let α = (α1, . . . , αµ) ∈ Nµ. With xα, we will mean the product xα1
1 · · ·xαµ

µ . We
define the support Supp(R) as the set of all α, such that xα 6= 0 in R. Note that
this is a finite set. We define, for any α ∈ Supp(R), the ideal aR(α) (for short, a(α))
as the ideal generated by all xβ , with β > α. We will use the notation ∆(R, x,≤)
(or just ∆R, when the choice of a minimal set of generators x and the choice of a
monomial ordering is understood) for the collection of all α, for which xα /∈ a(α).
We denote the collection of all xα with α ∈ ∆R by ER.

In this section we furthermore assume that R has the same characteristic as κ,
the so called equicharacteristic case. Under this additional assumption, R is a finite
dimensional local κ-algebra, generated by the xi, and conversely, any such ring is
of the above type, by Cohen’s Structure Theorem. By definition of monomial
ordering, any β+ γ ≥ β, so that a(α) equals the vector space over κ spanned by all
the xβ , with β ∈ Supp(R) and β > α. In other words, if α /∈ ∆R, then xα equals
some κ-linear combination of the xβ , with β > α.

2.2. Lemma. Let R be an equicharacteristic Artinian local ring with residue field κ
and let ∆R = ∆(R, x,≤) be as defined in (2.1). Then the set ER = {xα | α ∈ ∆R }
is a base of R over κ.

Proof. Let us first prove that the κ-vector space V generated by ER is R itself. If
not, then there exists a maximal α ∈ Supp(R), such that xα /∈ V . In particular
α /∈ ∆R, hence, there exist rβ ∈ κ (see remark above), such that

(1) xα =
∑
β>α

rβx
β .

By the maximality of α, all xβ ∈ V , so that by (1), also xα ∈ V , contradiction.
Let us now show that the xγ , for γ ∈ ∆R are κ-linearly independent. Suppose

not, then there exists a Γ ⊂ ∆R and non-zero uγ ∈ κ, for γ ∈ Γ, such that

(2)
∑
γ∈Γ

uγx
γ = 0.

Let α be the smallest element of Γ, so that by (2), we have that xα ∈ a(α),
contradicting that α ∈ ∆R. �
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2.3. Proposition. Let (R,m) and (S, n) be equicharacteristic Artinian local rings.
Suppose that R ⊂ S and that the length of S does not exceed the length of R. Let
κ (respectively, λ) be the residue field of R (respectively, S)ans assume that λ is
separable over κ. If R is Gorenstein, then S = R ⊗κ λ (for some embedding of κ
in λ).

Proof. By Cohen’s Structure Theorem for complete local rings (see [Coh, The-
orem 10] or [Mats, Theorem 28.3] ), we can write R = κ[X]/I, for some (X)-
primary ideal I. Let x = (x1, . . . , xn) denote the image of X = (X1, . . . , Xn) in
R. Let l be the length of R. We adopt the notations of (2.1) for this ring R. In
particular, we will write ∆R for ∆(R, x,≤). Since κ ⊂ S, we can find by [Mats,
Theorem 28.3] a field κ ⊂ λ′ ⊂ S which is isomorphic with the residue field λ of
S. Hence without loss of generality, we take λ = λ′, so that the embedding R ⊂ S
is in fact a κ-algebra morphism.

We claim that the basis ER = {xα | α ∈ ∆R } remains independent over λ in S
(where we still write x for its image in S). Assuming the claim, then since S has
dimension at most l (over λ), ER must be a base of S over λ as well. In particular,
the canonical map

R⊗κ λ→ S : r ⊗ u 7→ ur

is surjective. Since both sides however have the same dimension over λ, the map
must be an isomorphism.

So we only need to show our claim. Hence suppose the contrary, so that there
exist uγ ∈ λ, not all zero, for which

(1)
∑

γ∈∆R

uγx
γ = 0

in S. Let Γ = { γ ∈ ∆R | uγ 6= 0 }. Let α ∈ Γ be minimal in Γ. Let a be the ideal
of R generated by all the xγ with γ ∈ Γ different from α. For γ ∈ Γ different from
α, we have by minimality of α that α < γ. Hence xγ ∈ a(α). Therefore, we have
that a ⊂ a(α). Since α ∈ ∆R, we have that xα /∈ a(α). Hence, in particular, we
have that

(2) xα /∈ a.

Since R is Gorenstein, we have by [Sch 1, Theorem 2.2] that AnnR(·) is an
inclusion reversing involution on the lattice of ideals of R. Hence, from (2), it
follows that AnnR(a) 6⊂ AnnR(xα). Let s ∈ AnnR(a), such that sxα 6= 0. Since R
embeds in S, the latter also holds in S. But this leads to a contradiction when we
multiply (1) with s. This therefore shows the validity of our claim and hence of the
proposition. �

Remark. Note that this implies that S is faithfully flat over R (since λ is faithfully
flat over κ) and that S is also Gorenstein. Note also that in case S has length
bigger than l, we still have an inclusion R⊗κ λ ↪→ S.

2.4. Proposition. Let (R,m) be an equicharacteristic Artinian local ring with an
algebraically closed residue field κ. Let λ be an extension field of κ and set S =
R⊗κ λ. Let Pi(T ) ∈ R[T ] be polynomials, for i = 1, . . . , N , where T = (T1, . . . , Tn)
are variables. Suppose there exists a s ∈ Sn, such that Pi(s) = 0, for i = 1, . . . ,M ,
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and Pi(s) 6= 0, for i = M + 1, . . . , N . Then we can find a r ∈ Rn, satisfying the
same equalities and inequalities, i.e., Pi(r) = 0, for i = 1, . . . ,M and Pi(r) 6= 0,
for i = M + 1, . . . , N .

Proof. Since R is equicharacteristic, it is of the form κ[X]/I, for some variables X
and some (X)-primary ideal I. Let us write Pi(T,X) for the liftings of the Pi to
κ[T,X]. Let ∆R be as before, such that the (images of the) Xδ, for δ ∈ ∆R, form
a basis of R over κ. Clearly, the same monomials give a basis of S over λ.

For j = 1, . . . , n, let
fj(A,X) =

∑
δ∈∆R

AjδX
δ,

where A is the collection of all variables Ajδ and let f = (f1, . . . , fn). Hence, for
each i = 1, . . . , N , we can find polynomials piδ(A) ∈ κ[A], such that

(1) Pi(f,X) =
∑

δ∈∆R

piδ(A)Xδ

over R. Finally, we can find bjδ ∈ λ, for j = 1, . . . , n and δ ∈ ∆R, such that

(2) f(b,X) = s

in S, where b = (bjδ). Using (1) and (2), we obtain, for all δ ∈ ∆R and all
i = 1, . . . ,M , that piδ(b) = 0, and, moreover, for each i = M + 1, . . . , N , there
exists an δi ∈ ∆R, such that piδi(b) 6= 0. Since κ is algebraically closed (and
hence existentially closed for the theory of fields), we can find aiδ ∈ κ, such that
a = (aiδ) satisfies the same equalities and inequalities above, upon replacing a by
a. I.e., for all δ ∈ ∆R and all i = 1, . . . ,M , we have that piδ(a) = 0, and, for all
i = M + 1, . . . , N , that piδi

(a) 6= 0. Therefore, if we put f(a,X) = r̄rr, then this
n-tuple over R fulfills our requirements. �

2.5. Theorem. The equicharacteristic existentially closed models of Artl are ex-
actly the equicharacteristic Artinian local Gorenstein rings of length l with alge-
braically closed residue field.

Proof. From (1.6) we know already that existentially closed models of Artl are
Gorenstein, of length l and their residue field is algebraically closed.

Conversely, let (R,m) be an equicharacteristic Artinian local Gorenstein ring of
length l with algebraically closed residue field κ. Let (S, n) be a model of Artl with
residue field λ, such that R ⊂ S (so that in particular also S is equicharacteristic).
Since the length of S is at most l, we know from (2.3) that S ∼= R⊗κ λ. We have
to show that any system of equalities and inequalities over R which has a solution
over S, has already a solution over R. This is the contents of (2.4). �

3. The Mixed Characteristic Case

3.1. Definition. In this section we take up the same conventions and notations
as in (2.1). In particular (R,m, κ) is an Artinian local ring. However, this time
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we assume that κ has positive characteristic p, but p 6= 0 in R. This means that
κ is not embeddable in R. Nevertheless, some power of p must vanish, since any
element in m is nilpotent. As we will only be interested in the case that the residue
field is algebraically closed, we make this assumption throughout as well. Let e be
the exponent of R.

We claim that there exists some power q of p, such that q = 0 in R and, for any
two elements a, b ∈ R, we have that a ≡ b mod m implies that aq = bq. Indeed,
write a = b+m, for some m ∈ m. By Newton’s binomial expansion

(1) aq = (b+m)q = bq +
( q
1

)
bq−1m+

( q
2

)
bq−2m2 + · · ·+

( q
e− 1

)
bq−e+1me−1.

Since only the e first terms in (1) survive, we can choose q big with respect to e, so

that any binomial
( q
i

)
appearing in (1) is divisible by pe and hence vanishes in R.

Note that by the same reasoning, if aq = bq, we also must have that a ≡ b mod m.
We fix this q for the rest of the section as well. The reader should note that any
power of p big enough yields the same results, so it will not be essential what power
q we take.

We are now able to define the Witt map ω : κ→ R as follows. Let u ∈ κ. Since
we assumed that κ is algebraically closed (in fact, being perfect suffices), we can
find a v ∈ κ, such that u = vq. Let b ∈ R such that its residue b̄ equals v. Then
we set ω(u) = bq. By our choice of q, this is independent of the particular choice of
the lifting b. Moreover, one easily verifies that the residue of ω(u) is b̄q = u again
and that ω is a multiplicative map. However, it is not necessarily additive.4

The image Imω of the Witt map equals the collection W = { aq | a ∈ R } of Witt
vectors of R. Note that if we were to take even a larger power of p than q, the set
W would not change in view of the algebraic closedness of κ and whence the Witt
vectors are independent of the particular choice of q, i.e., the Witt vectors are an
invariant of R. Any non-zero Witt vector is necessarily a unit (if aq ∈ m, then also
a ∈ m and hence aq = 0). We have that R = W + m.

We will call a subset B = {b1, . . . , bk} of R a Witt base of R, if for any element
r ∈ R, there exist uniquely determined ui ∈ κ, such that

(1) r =
d∑

i=1

ω(ui)bi.

The following lemma is elementary but crucial.

Lemma 3.2. Let w1, w2 be two Witt vectors. Then w1 ≡ w2 mod m, if and only
if, w1 = w2.

Proof. Suppose w1 ≡ w2 mod m. Hence by our choice of q, we must have that
wq

1 = wq
2. Let wi = aq

i , so that aq2

1 = aq2

2 . As observed before, replacing q by q2,
this implies that a1 ≡ a2 mod m and whence w1 = aq

1 = aq
2 = w2. �

Remark. This shows that the decomposition of an element r ∈ R as w +m, with
w ∈W and m ∈ m is unique.

4In fact, it will only be additive provided p = 0 in R (in order for all binomials
` q

n

´
to vanish)

and in this case we retrieve κ as Cohen’s coefficient field for the equicharacteristic Artinian

(whence complete) local ring R.
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3.3. Lemma. Let (R,m) be an Artinian local ring of mixed characteristic, with
algebraically closed residue field κ. Let notation be as in (2.1) and (3.1). Then ER

is a Witt base for R.

Proof. Let us first show that for each r ∈ R, there exist aα, for α ∈ ∆R, such that

(1) r =
∑

α∈∆R

aq
αx

α.

Let r ∈ R be non-zero and write v(r) = k to mean that r ∈ mk \ mk+1. Formally,
put v(0) = e+ 1. Let us prove by downwards induction on k that any r ∈ R with
v(r) = k can be written in the form (1) with all aα = 0 for |α| < k. Note that r = 0
trivially satisfies these assumptions. Hence let v(r) = k and the claim proven for
all s ∈ R with v(s) > k.

We can write

(2) r =
∑
|δ|=k

rδx
δ

with rδ ∈ R. Each δ /∈ ∆R with |δ| = k, can be written in terms of the xα for
α ∈ ∆R with |α| = k and some elements in mk+1. Let ∆k be the set of all indices
α ∈ ∆R for which |α| = k. After this simplification (2) can be rewritten as

r =
∑

α∈∆k

sαx
α + r1,

where r1 ∈ mk+1 and sα ∈ R.
Since R = W + m, we can find aα ∈ R and mα ∈ m, such that sα = aq

α +mα,
for all α ∈ ∆k. This yields an r2 ∈ mk+1, such that

(3) r =
∑

α∈∆k

aq
αx

α + r2.

By the induction hypothesis, r2 can be written as a linear combination of the xδ,
for δ ∈ ∆R with |δ| > k, with coefficients in W . Together with (3), this shows our
claim for v(r) = k.

Let us now show that the representation (1) is also unique. For if it were not,
then we could find bα ∈ R, such that

r =
∑

α∈∆R

bqαx
α.

Subtracting this from (1) yields

(4) 0 =
∑

α∈∆R

(aq
α − bqα)xα.

Let γ be the lexicographically smallest index for which 0 6= aq
γ − bqγ . If the latter

difference were in m, then by (3.2) it would actually be zero. So aq
γ − bqγ must be

a unit, exhibiting that xγ ∈ a(γ), contradiction. �
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Remark. Let γ ∈ ∆R and suppose r ∈ a(γ). Write

r =
∑

α∈∆R

aq
αx

α.

By the same argument used to prove (1), we can show that then all aq
α = 0, for

α ≤ γ. Hence, if δ ∈ ∆R is the smallest index in ∆R strictly larger than γ, then
r ≡ aq

δx
δ mod a(δ). It follows that a(γ)/a(δ) ∼= κ. Hence the a(α) form a maximal

ascending chain of ideals of R, when α runs over ∆R from the (lexicographically)
largest index to the smallest. In particular, the cardinality of ∆R equals the length
l of the ring R.

3.4. Proposition. Let (R,m) be an Artinian local ring of mixed characteristic,
with algebraically closed residue field κ. Let notation be as in (2.1) and (3.1).
Let S be an overring of R of the same length l. If R is Gorenstein, then S is an
Artinian local Gorenstein ring with maximal ideal mS and ER is a Witt base of S.
Moreover, S is faithfully flat over R.

Proof. Let 0 = α1 < α2 < · · · < αl be the l elements of ∆R. From the remark after
(3.3), we know that

(1) 0 = a(αl)  a(αl−1)  · · ·  a(α1) = m,

is a maximal chain of ideals in R. Let us write η = xαl , so that if R is Gorenstein,
then a(αl−1) = ηR is the unique non-zero minimal ideal, equal to the socle Soc(R)
of R. Moreover, each ideal is an annihilator ideal, so the extension of the chain (1)
to S remains strict. In particular, since S has length l, we must have that mS is
a maximal ideal of S. Since it is clearly nilpotent, it is the unique maximal ideal
of S and hence S is local with maximal ideal mS. Let λ denote its residue field, so
that S ⊗R κ = λ.

Let us define similarly ∆S as the collection of all indices α for which xα does
not lie in the ideal aS(α) = a(α)S of S generated by all xβ with β > α. Since
xα /∈ a(α), for α ∈ ∆R, there exists rα ∈ R, such that rαxα 6= 0 but rαa(α) = 0. In
particular, we cannot have that xα ∈ a(α)S, so that α ∈ ∆S . But clearly ∆S ⊂ ∆R

and hence we have equality, showing that ER is a Witt base of S.
Since rαxα 6= 0, for α ∈ ∆R, we can find r′α ∈ R, such that r′αrαx

α = η. Put
τα = r′αrα, so that ταxα = η and ταa(α) = 0. Note that τα ∈ m unless α = αl. Let
s ∈ Soc(S) and write s as

(2) s =
∑

α∈∆R

sq
αx

α,

for some sα ∈ S. Let γ ∈ ∆R be the smallest element for which sq
γ is non-zero

(whence a unit). If γ < αl, then multiplying (2) with τγ ∈ m yields 0 = τγs
q
γx

γ =
sq

γη, contradiction. Hence Soc(S) is contained in ηW ⊂ ηS and whence equal to
the latter ideal, showing that S is Gorenstein.

Let us now proof the last statement. Let Ri = R/a(αi) and Si = S/a(αi)S. It
follows that `(Ri) = `(Si) = i and that Si = S ⊗R Ri. In particular, R1

∼= κ and
S1
∼= λ. We claim that TorR

1 (S,Ri) = 0, for all i. Assuming the claim, we have, by
taking i = 1, that TorR

1 (S, κ) = 0, so that S is flat over R by the Local Flatness
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Criterion [Mats, Theorem 22.3] . (Note that a flat local morphism of local rings
is always faithfully flat). Hence remains to show our claim, which we will do by
downwards induction on i. If i = l, then Rl = R and the claim trivially holds.
Hence assume i < l. By the maximality of the chain (1), we have that a(αi)Ri+1

has length one, whence is isomorphic with κ. Therefore we have an exact sequence

0 → κ−→Ri+1−→Ri → 0.

Tensoring with S and our induction hypothesis yields an exact sequence

0 = TorR
1 (S,Ri+1) → TorR

1 (S,Ri) → S ⊗R κ = λ
ı−→Si+1 → Si → 0.

Since Si and Si+1 have different lengths, the map ı cannot be zero and whence
must be injective, showing that TorR

1 (S,Ri) = 0, as required. �

3.5. Lemma. Let (R,m) be an Artinian local ring of mixed characteristic, with
algebraically closed residue field κ. Let notation be as in (2.1) and (3.1). Let Q ∈
R[T ], where T is a finite set of variables (T1, . . . , Tn). Then there exist hi ∈ R[T ],
for i = 1, . . . , µ with the following property. For any v = (v1, . . . , vn) ∈ κn, we have
an equality

Q(ω(vq)) = ω(Q̄(vq)) +
µ∑

i=1

xihi(ω(v)),

where vq is shortcut for (vq
1, . . . , v

q
n) and ω(v) for ω(v1, . . . , vn).

Proof. Let ci ∈ R be liftings of the vi and set c = (c1, . . . , cn). In particular, we
have (in vector notation) that ω(vq) = cq. Writing out the coefficients of Q in the
Witt base ER, we can write

Q =
∑

α∈∆R

∑
ν

rq
α,νT

νxα,

with rα,ν ∈ R. Let P denote the polynomial

(1) P =
∑

α∈∆R

∑
ν

rα,νT
νxα.

One checks that

(2) P (T )q ≡ Q(T q) mod mR[T ].

Hence there exist polynomials hi such that

(3) P (T )q = Q(T q)−
µ∑

i=1

xihi(T ).

From (2) it also follows that

(4) P q =
( ∑

ν

r0,νT
ν
)
q

by our choice of q. On the other hand

Q̄(vq) =
∑

ν

r̄q
0,νv

qν =
( ∑

ν

r̄0,νv
ν
)
q

in κ. By definition of ω and (4) we then obtain that

(5) ω(Q̄(vq)) = P (c)q.

Putting (5) together with (3) we obtain the desired equality. �
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3.6. Definition. Let (R,m) be an Artinian local ring of mixed characteristic of
length l, with algebraically closed residue field κ. Let notation be as in (2.1) and
(3.1) and assume that R is moreover Gorenstein. We define the map ∇ : κl → R,
which assigns to some tuple u = (uα)α∈∆R

, the element∑
α∈∆R

ω(uα)xα.

It follows from (3.3) that ∇ is a bijection. (Caution: ∇ is not additive and we
merely have that ∇(k · u) = ω(k)∇u, for k ∈ κ). We use the same notation ∇ to
indicate the map (κl)n → Rn given by sending (u1, . . . , un) to (∇(u1), . . . ,∇(un)),
where each ui ∈ κl.

3.7. Proposition. Let (R,m) be an Artinian local Gorenstein ring of mixed char-
acteristic, with algebraically closed residue field κ. Let notation be as in (2.1) and
(3.1). Let P ∈ R[T ], where T = (T1, . . . , Tn) are some variables. Then there exist
pα(U, V ) ∈ κ[U, V ], for α ∈ ∆R, where U = (Uiα | i = 1, . . . , n, α ∈ ∆R) and
V = (V1, . . . , Vm) are variables, and a quantifier free formula ϕ(ūuu, v̄vv) with parame-
ters from κ, such that, for each Artinian local ring (S, n) of length l, containing R
and having an algebraically closed residue field λ and for each u = (uiα) ∈ λnl, we
can find v ∈ λm, such that ϕ(u, v) holds in λ and

(1) P (∇(u)) =
∑

α∈∆R

ω(pα(u, v))xα.

Proof. In order to prove this, we will use an induction on ∆R to prove the following
variant, for any α ∈ ∆R.

3.7.ααα. Claim. There exist p(α)
δ ∈ κ[U, V ], for δ ∈ ∆R and δ ≤ α, and Q

(α)
δ ∈

R[U, V ], for δ ∈ ∆R and α < δ, and there exists a quantifier free formula ϕ(α)(ūuu, v̄vv)
with parameters from κ, such that, for each S as in the statement of the Proposition
and each u ∈ λln, we can find an v ∈ λm, such that ϕ(α)(u, v) holds in λ and

(1α) P (∇(u)) =
∑
δ≤α

ω(p(α)
δ (u, v))xδ +

∑
δ>α

Q
(α)
δ (ω(u, v))xδ.

Hence Claim (3.7.ααα), for α the largest element of ∆R is precisely our original
assertion.

Proof of Claim. The proof for α = 0 is identical to the general case, so we will not
treat it separately. Hence assume that (3.7.ααα) holds and let β be the element of
∆R which comes immediately after α. (To treat the case β = 0 we do not have any
quantifier free formula ϕ(α) yet nor any p

(α)
δ ). Take any u ∈ λln and let v ∈ λm

be the element whose existence is claimed by (3.7.ααα). Let w ∈ λln+m, such that
(in our abbreviated notation) wq = (u, v). Let ϕ(β)(ūuu, v̄vv, w̄ww) be the conjunction
of ϕ(α)(ūuu, v̄vv) together with the formula w̄wwq = (ūuu, v̄vv). Apply Lemma (3.5) to the
polynomial Q(α)

β (U, V ), to find hi ∈ R[U, V ], for i = 1, . . . , µ, such that

(2) Q
(α)
β (ω(u, v)) = ω(Q̄(α)

β (u, v)) +
µ∑

i=1

xihi(ω(w)).

Hence put p(β)
δ equal to p(α)

δ in case δ ≤ α and to Q̄(α)
β , for δ = β. It is now clear

that using (2) and (1α), we can find Q(β)
δ ∈ R[U, V,W ] to make (1β) hold. �
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3.8. Theorem. The existentially closed models of the theory Artl are precisely the
Artinian local Gorenstein rings of length l with algebraically closed residue field.

Proof. By (1.6) and (2.5), we only need to show that an Artinian local Gorenstein
ring R of mixed characteristic and of length l with algebraically closed residue field
κ is an existentially closed model of Artl. Therefore, let (S, n) |= Artl be an overring
of R, i.e., R ⊂ S. By enlarging S if necessary, we may already assume that S has
algebraically closed residue field. We keep the notations of (2.1) and (3.1) for the
ring R. Let ϕ be an existential formula with parameters from R, which holds in S.
We need to show that then already R |= ϕ. Since ϕ is a conjunction of sentences
of the form ∃t̄ttψ(̄ttt), where

(1) ψ(̄ttt) =
( ∧

j<M

Pj (̄ttt) = 0
)
∧

( ∧
M≤j<N

Pj (̄ttt) 6= 0
)
,

with Pj(T ) ∈ R[T ] and T = (T1, . . . , Tn), we may without loss of assumption assume
that ϕ is already of the form ∃t̄ttψ(̄ttt). Apply (3.7) to each polynomial Pj , for j < N ,
to find quantifier free formulae ϕj(ūuu, v̄vv) with parameters from κ, and polynomials
pjα(U, V ) ∈ κ[U, V ], for α ∈ ∆R, where U = (Uiα | i = 1, . . . , n, α ∈ ∆R) and
V = (V1, . . . , Vm) are variables, so that for each u = (uiα) ∈ λnl, we can find an
v ∈ λm, such that ϕj(u, v) holds in λ and

(2) Pj(∇(u)) =
∑

α∈∆R

ω(pjα(u, v))xα.

Now, let t = (t1, . . . , tn) ∈ Sn, such that S |= ψ(t). Using that ER is a Witt basis
for S according to (3.4), we can find u ∈ λln, such that ∇(u) = t. Let v ∈ λm be
such that (2) becomes true. Let ξ(ūuu, v̄vv) be the formula( ∧

j<N

ϕj

)
∧

( ∧
j<M

∧
α∈∆R

pjα(ūuu, v̄vv) = 0
)
∧

( ∧
M≤j<N

∨
α∈∆R

pjα(ūuu, v̄vv) 6= 0
)
.

Using once more that ER is a Witt base of S, we see that λ |= ξ(u, v). Since κ is
algebraically closed, we can find u0 ∈ κln and v0 ∈ κm, such that κ |= ξ(u0, v0),
which means that R |= ψ(t0), where t0 = ∇(u0), as required. �

4. Model Completeness

4.1. Lemma. The class of all equicharacteristic local rings of depth zero (i.e., the
maximal ideal is associated) is elementary.

Proof. Consider, for each n ∈ N0, the following sentence

(4.1.1) Ecn
def= Loc ∧ (∃xxx)[Mass(xxx) ∧ (n · 111 = 0 ↔ n · xxx = 000)].

If Ecn holds in a ring R, then this ring is local, of depth zero and n is zero in
R, if and only if, it is zero in the residue field of R, since the annihilator of x
is precisely the maximal ideal. So adding all Ecn to Ring gives the theory of all
equicharacteristic local rings of depth zero. �
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4.2. Lemma. The class of all local rings of depth zero with algebraically closed
residue field is elementary.

Proof. It is well-known that the class of algebraically closed fields is elementary:
except for the field axioms, one needs to add, for each degree d ≥ 1, a sentence
expressing that each monic polynomial of degree d over this field has a root within
the field. Using the techniques of (1.1) we can easily deduce the required sentences
from this by setting

(4.2.1) Rootd(xxx)
def= (∀āaa)(∃yyy)[xxx(yyyd +

d∑
i=1

aiyaiyaiy
d−i) = 000],

where we have replaced ’being zero’ by ’being annihilated by x’, the latter being
equivalent under the assumption Mass(x) with ’lying in the maximal ideal’. There-
fore, adding

(4.2.2) {Loc} ∪ { (∃xxx)[Mass(xxx) ∧ Rootd(xxx)] | d ≥ 1 }

to Ring gives the desired theory. �

4.3. Theorem. The theory Gorl of all Artinian local Gorenstein rings of length l
having an algebraically closed residue field is model-complete.

Proof. Let

(4.3.1) Min(xxx) def= (∀aaa)(∃bbb)[xxx 6= 000 ∧ (aaa = 000 ∨ xxx = bababa)].

For any model R of Artl, we have that (∃xxx)Min(xxx) holds in R, if and only if,
there is a unique minimal ideal in R, which is equivalent with saying that R is
Gorenstein. Together with (4.2) , we then obtain the desired first order theory
Gorl. Let Kl denote the class of all models of Gorl. As Kl is a subclass of the class
of all Artinian local rings of length l, any member of Kl which is existentially closed
in the latter class is already so in Kl. In other words, by (3.8), each member of
Kl is existentially closed. By [Hod 2, Theorem 8.3.1] this implies that its theory
Gorl is model-complete. �

Remark. Using (4.1), one shows that also the class of l-dimensional local Goren-
stein algebras over an algebraically closed field is model-complete.

4.4. Theorem. The theory Artl of Artinian local rings of length at most l is
companionable.

Proof. This follows immediately from [Hod 2, Theorem 8.3.6] and (4.3). �
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5. A Counterexample to Quantifier Elimination

The following example shows that Quantifier Elimination does not hold for Gorl,
even for l = 2. Note that l = 2 is actually quite more favourable than the other
cases: if we add to Gor2 an axiom fixing the characteristic to be either zero or
prime (implying the equicharacteristic case), then we obtain even a complete theory.
Indeed, any model is then of the form κ[T ]/(T 2), with κ an algebraically closed
field of the prescribed characteristic. This is still true for l = 3, but not for l > 3.
Nonetheless even in this simplest case Quantifier Elimination already fails.

To exhibit a counterexample, we will show that amalgamation over substructures
fails for Gor2

5 (see [Hod 2, Theorem 8.4.1] ). To this end, we need to take a closer
look at automorphisms. We will not provide proofs (they are not that hard), for
they will appear in a subsequent paper [Sch 2] . The easiest case is that of κ
an algebraically closed field of prime characteristic.6 Then any automorphism of
κ[T ]/(T 2), where T is one variable, is of the form Λ(σ, d), where σ ∈ Aut(κ) and
d ∈ κ×, defined by

Λ(σ, d) : u+ vT 7→ σ(u) + dσ(v)T.

In fact, any embedding of κ[T ]/(T 2) into λ[T ]/(T 2), where λ is an extension of
κ, is of the form Λ(σ, d), with σ ∈ Aut(κ) and d ∈ λ×.

Counterexample. Let ω be the finite field Fp with p elements (where p is a
prime). Let κ be the algebraic closure of ω. Let V = ω[X,Y ]/(X,Y )2 and let
R = κ[T ]/(T 2), so that R is a model of Gor2.

Consider the following two embeddings φk of V ↪→ R, where k = 1, 2. Let φk

send an element r = u+vX+wY to u+(vθk+w)T , where u, v, w ∈ ω and θk ∈ κ\ω.
(Note that these are indeed embeddings since θk /∈ ω.) We claim no amalgam in
(Gor2)∀ over these two embeddings can exist in general. Suppose the contrary and
assume there exists an amalgam S. Without loss of generality, we may assume that
S |= Gor2, so that S = λ[T ]/(T 2), with λ algebraically closed. Hence there exist
σk ∈ Aut(κ) and dk ∈ λ×, such that the following diagram commutes

V
φ1−−−−→ R

φ2

y yΛ(σ1,d1)

R −−−−−→
Λ(σ2,d2)

S.

This means that, for all v, w ∈ ω, we must have that

d1(vσ1(θ1) + w) = d2(vσ2(θ2) + w).

In other words, d1 = d2 and σ1(θ1) = σ2(θ2). In particular, we see that θ1 and θ2
must be conjugate (i.e., have the same minimal polynomial), which obviously does
not necessarily hold.

5If l > 3 then even simpler counterexamples to Quantifier Elimination for Gorl exist. For

instance, one cannot amalgamate κ[X]/(X4) and κ[X, Y ]/(X2, Y 2) over κ.
6If the characteristic is zero, different automorphisms might exist, due to the existence of

non-zero derivations, obstructing even further any possible amalgamation.
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