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Project description

We propose to undertake a broad new collaboration in our common speciality,
mathematical logic, a collaboration we hope will further enhance research in logic at
CUNY. Our university is one of the few in the world which houses active researchers
in so many different branches of mathematical logic, and our group alone represents
already three major subfields: set theory, model theory and computability theory.
This project is intended to profit from this unique situation and further strengthen
the ties through interdisciplinary research projects as well as joint research in each
of these subfields.

There is a long-standing tradition of top quality research in logic at CUNY,
stretching back many decades. In the past decade, the addition of new faculty has
invigorated the program, and our recent collaborations have become more intense,
supported in part by previous Collaborative Incentive grants. As faculty members
of the CUNY Graduate Center, Hamkins and Kossak have been very active in the
development of the graduate logic program in mathematics, which as a result, has
grown substantially in the last years. Schoutens and Miller, who have just become
members of the graduate faculty in respectively the Mathematics Department and
the Computer Science Department, will contribute further to this positive trend.
The members of this group have also been very active in various seminars at the
Graduate Center. Hamkins, Kossak and Schoutens are the co-founding directors
of the CUNY Logic Workshop, which since its inception a decade ago has been
acquiring an ever growing audience (with participation from faculty and students
not only from CUNY, but from universities throughout the New York metropolitan
region, including Columbia, Rutgers and NYU), bringing many distinguished vis-
itors to CUNY. Hamkins is also operating a set theory seminar with his graduate
students. Kossak and Schoutens have revived a model theory seminar (three years
ago they had already started such a seminar, but they had to put this initiative on
hold when Schoutens accepted a two year visiting position at OSU), in which Miller
and several graduate students participate, with the aim of studying in depth new
developments in model theory. Apter, Hamkins and Kossak are jointly members
of the advisory board of the Mid-Atlantic Mathematical Logic Seminar (MAMLS),
an NSF-funded traveling conference which meets up to four times yearly (Apter is
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the Principal Investigator on the MAMLS grant) and have organized several con-
ferences. Hamkins, Kossak and Schoutens are the organizers of the NYC Logic
Conference, to be held this May at the Graduate Center.

There has already been in place a fruitful interaction between various authors
of this proposal. Apter and Hamkins have been working together on mathematical
projects since Hamkins first came to CUNY, and their discussions have directly
affected work in [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 20, 21, 22, 23, 24, 26, 33]. In
continuation of their productive collaboration, Apter and Hamkins propose to work
on certain problems in large cardinals (see Project I). Five years ago, Hamkins
and Kossak initiated a joint project studying Scott sets (see Project II), and they
now have a Ph.D. student working under them on this subject. Hamkins and
Miller are working on a joint project connecting set theory, model theory and
computability theory in an interesting way (see Project IV). Miller and Schoutens,
who each joined CUNY last year, have just started working on an interdisciplinary
project involving model theory, computability theory and algebraic geometry (see
Project V). Leibman, a new CUNY hire, graduated last year under the supervision
of Hamkins (Apter and Kossak were the other members of his doctoral committee),
and is currently working with Hamkins on a new project (see Project III). As
the faculty members that have been the longest with CUNY, Apter and Kossak’s
mathematical interaction stretches back for more than a decade.

We expect our collaboration to continue into the foreseeable future and flourish
well beyond the proposed funding period, leading ultimately to external funding
for our initiatives. We are considering applying to the NSF for a grant to either
organize a ‘year in logic’ at CUNY, or alternatively, to provide funding for our
seminars and for the biennial NYC Logic Conference (and possibly also for the
NYC Graduate Student Logic Conference, a new initiative of Shochat, a Ph.D.
student of Kossak, and Patel, a former graduate student of Schoutens). We believe
that our efforts to establish a serious research program in logic at CUNY advances
the larger university goal of establishing CUNY as an intellectual and scholarly
research center, and we are pleased to be a part of the current resurgence in logic
at CUNY. We aim for CUNY to become a major research center in mathematical
logic.

I. Indestructibility and Tall Cardinals. Apter and Hamkins have a long his-
tory of collaborative research, dating from the time Hamkins joined CUNY in 1995,
and reflected in their joint papers [7, 8, 9, 10, 11]. They propose to continue their
work together along two lines of inquiry, namely an investigation on the topic of
indestructibility, and an investigation on the topic of tall cardinals.

The notion of indestructibility was introduced in Laver’s landmark paper [40], in
which he showed that any supercompact cardinal κ can have its supercompactness
made indestructible under <κ-directed closed forcing. Questions concerning inde-
structibility figured prominently in Apter and Hamkins’ papers [8, 9, 10]. Some
further questions along these lines they wish to consider include whether the first α
many strongly compact cardinals can be both non-supercompact and indestructible
(which continues research begun by Apter in [1]), and whether a supercompact
cardinal κ can have its supercompactness partially indestructible but its strong
compactness fully indestructible.

The concept of tall cardinal has recently been isolated by Hamkins, although
tall cardinals have previously been studied by others, e.g., Gitik. The definition of
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tall cardinal represents a weakening of the definition of strong cardinal, in much
the same way that the definition of strongly compact cardinal is a weakening of the
definition of supercompact cardinal. In fact, the general thesis Apter and Hamkins
intend to pursue is that tall is to strong as strongly compact is to supercompact.
This is set forth in the paper by Apter, Hamkins, Gitik, and Schimmerling [7],
which represents research that is still very much in progress, and also continues
somewhat along the lines of the earlier work done by Apter and Hamkins in [11].

II. Scott Sets. The Scott set problem goes back to a seminal paper of Dana
Scott [54] in which he proved that every countable Scott set is the family of sets
representable in a completion of Peano Arithmetic (PA). Consequently, every such
set is the standard system of a model of PA. Later, Knight and Nadel proved that
every Scott set of cardinality ℵ1 is a standard system of a model of PA [38]. The
problem whether this statement can be generalized to arbitrary uncountable Scott
sets (in the absence of the Continuum Hypothesis) remains open. This is one of the
major open problems concerning nonstandard models. Other than recent partial
results of Fredrik Engström, no results are known. It is clear that any progress
that will be made will require set theory and possibly some tools specific to model
theory of arithmetic. Professors Hamkins and Kossak are planning to work on this
problem together with Prof. Hamkins’s Ph.D. student Victoria Gitman. They are
also planning to consider two related problems, namely the question of existence of
conservative extensions of standard models (posed by George Mills in [46]), and a
question of Kanovei on Borel models with full standard systems.

III. Determining the Modal Logic of Forcing. Professors Hamkins and Leib-
man propose to continue their joint work in set theory. Since Hamkins was Leib-
man’s dissertation supervisor, the two have of course worked closely together in
recent years, and they now look forward to the opportunity to work together as
CUNY colleagues. In their current project, they are investigating fundamental
questions concerning the forcing technique. Forcing, invented by Paul Cohen in
the 1960s, is perhaps the most important and successful set theoretic tool, allowing
set theorists to build diverse models of set theory and thereby prove that many
mathematical questions cannot be settled on the basis of the usual ZFC axioms.
With forcing, set theorists build extensions of a model of set theory in much the
same way that algebraists build extensions of a field. In this sense, particularly
with a view to the embeddings that arise with large cardinals, the subject of set
theory has matured to exhibit an algebraic or category-theoretic nature, for we have
at the bottom a collection of models and the mappings between them. Hamkins
and Leibman propose to investigate the fundamental modal aspects of this situa-
tion. It turns out that the natural questions arising from this viewpoint make deep
connections with the investigation of bounded forcing axioms, currently a major
focus of contemporary set theoretical research. The collaborative work will build
on the previous work [27], [35], [41], and they look forward to working jointly on
this project.

Let us explain some of the details. Over the past four decades, set theorists have
constructed an enormous variety of models of set theory. We now often engineer
models of set theory to exhibit specific properties or relations to other models.
Since each model of set theory is a kind of mathematical world, where a smaller
model has some access via forcing to the objects and truths of a larger model, there
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is a natural Kripke model lurking here, whose possible worlds are the models of
set theory, with each accessing exactly its forcing extensions. The corresponding
modal operators, of course, assert that a sentence ϕ is possible or forceable, written
3ϕ, when it holds in a forcing extension, and ϕ is necessary, written 2 ϕ, when
it holds in all forcing extensions. The basic idea here, of course, is that modal
logic is the study of possible worlds, and set theorists have plenty. The modal
logic of forcing is the study of the modal operators 3 and 2 under this forcing
interpretation. These operators and the modal relations between the set theoretic
universe V and its forcing extensions V P are easily formalized within zfc, and the
basic questions here are fundamentally set theoretic. Which modal assertions does
forcing necessarily obey? Current analysis shows that all S4.2 modal axioms are
true in the forcing context, and no currently known stronger theory need be true
(although stronger theories such as S5 are known to be consistent). The current
effort is to prove that the provable modal properties of forcing are exactly S4.2.
As in Leibman’s dissertation [41], Hamkins and Leibman will also focus on the
situation arising from restricting the forcing to members of certain natural classes,
such as those with the countable chain condition. In this case, the corresponding
modal logic may be weaker. They propose to find out.

IV. Infinite-time Computability. Hamkins and Miller have an ongoing collab-
oration [31] with two researchers from Hofstra University, Dan Seabold and Steve
Warner (a former undergraduate student of Hamkins), investigating questions in
infinite-time (IT) computable model theory. Computable model theory is model
theory with a view to the computability of the structures and theories that arise. IT
computable model theory carries out this program with the notion of infinitary com-
putability provided by IT Turing machines, as detailed in [14, 25, 28, 29, 30, 32, 34].
The classical theory began decades ago with computable versions of model theo-
retic notions such as completeness and categoricity, and the field has now matured
into a sophisticated analysis of the complexity spectrum of countable models and
theories.

The motivation for a broader context is that, unlike classical computable model
theory, the infinitary context allows for uncountable models and theories. Many
classical constructions generalize from structures built on N, using finite time com-
putability, to structures built on R, using IT computability. The uncountable con-
text also opens up new questions, such as the IT computable Löwenheim-Skolem
Theorem, which have no finite time analogue.

Hamkins, Miller, Seabold, and Warner initiated the study of IT computable
model theory. Results they have already established include an IT version of the
Cantor-Schröder-Bernstein Theorem and Myhill’s Theorem, which holds when the
inverses of the computable injections are also computable, but can fail when they
are not, and the IT Completeness Theorem, which holds for countable languages
coded in the natural numbers, but can fail for uncountable languages coded in the
reals. They have also shown that the downward Löwenheim-Skolem theorem fails
for IT computable structures.

Some of their most interesting current results involve computable quotients. A
structure A has an IT computable quotient presentation if it is isomorphic to the
quotient of an IT computable structure by an IT computable equivalence relation
(a congruence). For structures on N, in either the finite or infinite time context,
this yields a computable copy of A, as one can computably find the least element of
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any equivalence class. For structures on R, however, computing a set of represen-
tatives of the equivalence classes is not always possible. Indeed, the authors have
already proven that it is independent of ZFC whether every structure with an IT
computable quotient presentation has an IT computable presentation.

This subject, which appears at first to be a hybrid of computability and model
theory, has turned out to be closely linked to many set theoretic notions as well.
It is thus especially well-suited for research at CUNY, one of the few universities
in the world which houses active researchers in all three of these areas. With the
new questions that have arisen during their initial investigations, it is likely to be
a fruitful topic of study for years to come.

V. Computability in Algebraic Geometry. A computable structure is com-
putably categorical if for every other computable structure isomorphic to it, there
exists a computable isomorphism between the two structures. Algebraic charac-
terizations of computably categorical structures are known in such theories as
linear orders, Boolean algebras, trees, and ordered abelian groups, by results in
[16, 18, 19, 39, 42, 45, 48, 49]; and the papers [17, 37] consider the number of com-
putable isomorphism classes. Examples of computably non-categorical fields date
back as far as 1956, in the work of Fröhlich and Shepherdson [15], and other work
on computable fields has appeared in [43, 44, 47], but the question of describing all
computably categorical fields is still unanswered, and indeed was recently named
by Lempp in [42] as the main remaining open question in computable categoricity.
Miller, who played a substantial role in the solution for trees in [39, 42, 45], has
some preliminary results for fields and proposes to continue his work on them.

By the work of Hermann [36], Schmidt and van den Dries [50], and Schoutens
[51, 52], we know now that many algebraic constructions on polynomials with coeffi-
cients in a field K can be carried out by using polynomials whose degree is bounded
from above by a function β : N2 → N which only depends on the degrees d and the
number of variables n of the input polynomials. The existence of such a uniform
upper bound allows one to translate the original construction into a problem in the
field K. Miller and Schoutens propose to investigate for which of these algebraic
constructions the function β is computable, and whether the problem in the field
they reduce to, is decidable. If both conditions are met, this would imply that
the construction itself is computable (an example of this is the ideal-membership
problem).

A notoriously difficult question is the calculation of the minimal number of gen-
erators of an ideal, or of its radical, and we know only very few cases ([53]) where
uniform bounds exist. As van den Dries observed in [55], proving the existence of
a bound in the radical case with n = 3, would solve a long outstanding problem in
algebraic geometry: Is every space curve the (set theoretic) intersection of two sur-
faces? This follows from the fact that the result is known in positive characteristic
by [13] and first-order compactness. Miller and Schoutens hope that by combin-
ing their respective expertise, they could shed some light on this old problem by
investigating whether such a bound can ever be computable.
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